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Wellenenergiekonverter nutzen die Energie, die in der Bewegung von kontinuierlichen Meereswel-

len enthalten ist, um Strom zu gewinnen. Sie sind damit dem Bereich der  erneuerbaren Energien 

zu zurechnen. Neben der potentiellen Energie der Wassermassen wird auch die kinetische Energie 

durch die Wellenbewegung umgewandelt. Dies kann durch unterschiedliche Funktionsprinzipien 

erfolgen. Innerhalb dieser Arbeit geht es um spezielle Konverter vom Typ „Point Absorber“, die 

nach dem Prinzip eines Auftriebskörpers arbeiten. Um einen möglichst hohen Wirkungsgrad sol-

cher Systeme zu erhalten, sind spezielle Regelungsstrategien notwendig. Für ein konkretes System 

müssen diese Strategien angepasst und erweitert werden.     

 

Ziel dieser Arbeit ist die Anpassung, die Implementierung und Validierung einer Regelungsstrategie 

eines „Point Absorber“ für den maximalen Energieertrag. Folgende Arbeitsschritte sind durchzufüh-

ren: 

 

 Literaturrecherche von aktuellen Methoden und Technologien für die Extraktion von Wellen-

energie mit dem Schwerpunkt auf Wellenenergiekonvertern (WECs) vom Typ „Point Absor-

ber“,  

 

 Darstellung und Untersuchung relevanter Regelungsstrategien für maximalen Energieertrag 

und Auswahl eines geeigneten Konzepts, 

 

 

 



Seite 2 von 2 

 

 Anpassung, Implementierung und Erweiterung der ausgesuchten Regelungsstrategien auf 

eine vorgegebene Konfiguration innerhalb einer Matlab/Simulink-Umgebung,  

 

 Parameterstudie in Bezug auf Robustheit und Energieertrag, 

 

 Test und Optimierung der Regelungsstrategien an einem Modell im Wellentank (Universität 

von Aalborg, Dänemark), 

 

Diese Arbeit wird extern im Fraunhofer IWES, Kassel stattfinden. Die Arbeit ist zu dokumentieren 

und die Ergebnisse sind kritisch zu diskutieren. 

 

 

 

 

 

 

Prof. Dr.-Ing. Olaf Wünsch                            Kassel, im Juni 2013 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Abstract

In this work, we study and compare two control strategies for maximal energy conversion on a one

dimensional point absorber-wave energy converter. The PI control, the state of the art controller used in

the WaveStar WEC prototype, is compared with the SE control, a promising strategy that is capable of

converting energy at rates close to the maximum possible ones without the need of signal prediction.

The SE control is adapted for practical implementation using a linear observer that estimates the

excitation torque using measurable signals only. We compare both strategies in a simulated environment

using a linear physical model of the WEC. Under ideal conditions, the SE control absorbs around 20 -

25% more power than the PI control and up to 92% of the maximum available power. These values are

significantly reduced if uncertainties, such as signal noise and delay, are included in the simulation.

Both controllers are also tested on a real laboratory model of the WEC in a test tank. Here, due

to several reasons such as friction, both control strategies absorb significantly less power than in the

simulation. For two irregular sea states, it is found that the SE control absorbs around 13 - 14% more

power than the PI control and up to 58% of the maximum available power.
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Nomenclature

Latin letters

Â Estimated amplitude of the excitation torque signal [kg·m2/s2]

Aex ‘A’ matrix for the state space representation of the excitation torque

AHD ‘A’ matrix for the state space representation of the hydrodyn. damp. coefficient

Aobs ‘A’ matrix for the state space representation of the linear observer

Apa ‘A’ matrix for the state space representation of the point absorber

Bex ‘B’ matrix for the state space representation of the excitation torque

Bc Damping coefficient from the control strategy [kg·m2/(rad·s)]

BHD ‘B’ matrix for the state space representation of the hydrodyn. damp. coefficient

Bobs ‘B’ matrix for the state space representation of the linear observer

Bpa Hydrodynamic damping coefficient [kg·m2/s]

Bpa ‘B’ matrix for the state space representation of the point absorber

Cex ‘C’ matrix for the state space representation of the excitation torque

Cgain Multiplication factor of the velocity control loop in the SE control [kg·m2/(rad·s)]

CHD ‘C’ matrix for the state space representation of the hydrodyn. damp. coefficient

Cobs ‘C’ matrix for the state space representation of the linear observer

Cpa ‘C’ matrix for the state space representation of the point absorber

DHD ‘D’ matrix for the state space representation of the hydrodyn. damp. coefficient

Dpa ‘D’ matrix for the state space representation of the point absorber

Eabs Converted energy from the point absorber [J]

Fex Wave excitation force [N]

Fg Gravitational force [N]

Fhd Hydrodynamic force on a submerged body [N]

Fhs Hydrostatic force on a submerged body [N]

Fr Wave radiation force [N]

Fu Control force [N]

iii
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g Gravitational acceleration [m/s2]

H Multipl. factor to obtain the ref. velocity in the SE control [kg·m2/(rad·s)]

Hs Significant wave height of a sea state [m]

Jpa Moment of inertia of the point absorber [kg·m2]

Kc Stiffness coefficient from the control strategy [kg·m2/(s2·rad)]

Kk Suboptimal Kalman gain of the EKF

Kpa Hydrostatic stiffness coefficient [kg·m2/s2]

L Luenberger gain

Ma Added mass of a floating body [kg]

Mpa Mass of the point absorber including the added mass at infinite frequency [kg]

mpa Mass of the point absorber [kg]

m∞ Added mass of a floating body for infinite frequency [kg]

nz Normal vector in the vertical direction [-]

p Hydrodynamical pressure of the fluid [Pa]

Pabs Absorbed mechanical power [W]

Pmax,theo Maximal possible absorbed mechanical power [W]

Pk|k Covariance matrix of the internal states in the EKF

QK Covariance matrix for the process noise in the EKF

QL Covariance matrix for the process noise in the linear observer

R′ Radiation resistance of the floating body [kg/s]

RK Covariance matrix for the observation noise in the EKF

RL Covariance matrix for the observation noise in the linear observer

s Complex frequency [rad/s]

S Wetted surface of floating body [m2]

Sxx Power spectral density of a signal

t Time [s]

Tp Peak spectral period of a sea state [s]

Ts Sample time [s]

û Internal states of the linear observer

ûex Int. state of the linear observer corresponding to the excitation torque [kg·m2/s2]

ûpa Internal states of the linear observer corresponding to the point absorber

uz Vertical velocity of the wetted surface [m/s]

~v Velocity of the fluid element [m/s]
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x̂k|k Internal states of the EKF for the excitation torque

y Measurement residual in the control strategy

Z′r Radiation impedance of a floating body [kg/s]

Zi Internal impedance of the point absorber [kg·m2/(rad·s)]

Zu Impedance due to the control torque [kg·m2/(rad·s)]

z Measured quantity in the control strategy

ẑ Estimated quantity in the control strategy

ż Vertical velocity of the point absorber [m/s]

Greek Letters

η Wave elevation [m]

φ Velocity potential of the fluid [m2/s]

γ Peak enhancement factor [-]

ρ Density of the fluid [kg/m3]

θ Angular displacement of the point absorber [rad]

θmax Maximal angular displacement of the point absorber [rad]

θ̇ Angular velocity of the point absorber [rad/s]

θ̇opt Optimal angular velocity in the control strategy [rad/s]

θ̇re f Reference angular velocity in the SE control strategy [rad/s]

θ̈ Angular acceleration of the point absorber [rad/s2]

τex External torque [kg·m2/s2]

τ̂ex External torque estimated by the linear observer [kg·m2/s2]

τu Control torque [kg·m2/s2]

ω Angular frequency [rad/s]

ω̂ Estimated angular frequency from the EKF [rad/s]
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Introduction

The world population is growing and with it, its energy consumption. The finite amount of both fossil

and nuclear fuels as energy resources [15] makes it clear that a change of energy policy has to be made

in order to achieve a secure and sustainable energy supply in the future.

A promising alternative to satisfy the global energy needs is the inclusion of renewable energies as

part of the available energy resources and, at the same time, lowering the overall consumption through

energy efficiency. As can be seen in figure 1, the global available energy from renewable sources far

surpasses the global energy needs.

Their availability is limited due to technical restrains in the processes of converting these resources

into useful energy. Furthermore, questions regarding economic viability and environmental impact can

also have an influence on the amount of renewable energy that can be converted.

Another drawback of renewable energy resources is the temporal fluctuation in which they are avail-

able. This can be addressed by storage systems and an intelligent managing of several energy sources. It

is therefore desirable to have many possible renewable energy sources so that they can compensate each

other’s temporal fluctuations.

Nevertheless, the implementation of an energy policy based on renewable energies is feasible. This

can be seen in the decision of some countries, such as Germany, to heavily invest in renewable energies

for their future energy supply. As of 2011, about 20% of the country’s power production came from

renewable energies. [23].

The main renewable energy types that have seen large scale commercial use in recent years are solar-

, wind- and biomass power. These three, along with the conventional hydropower, represent the most

common renewable energy sources for the majority of countries [25].

Wave energy, on the other hand, has developed only recently in the past few decades. It is therefore

a technology in its infancy, or at best in its early youth [13, 17]. The recent projects have shown that

the extraction of wave power has been rather difficult. Many prototypes for achieving a commercial

viable strategy for wave energy extraction have been built but none has been able to establish itself as the

optimal technology for large scale use.

Even so, wave energy has the potential of supplying useful energy at high energy pay-back factors

and low life cycle emissions [30]. Because of this, research in this field should still be carried out to

make this technology a viable alternative to the more common renewable energy sources.

The development of the technology for current wave energy converters is an interdisciplinary task

that requires a mix of several natural, engineering and economic sciences. Fields of competence such as

oceanography, materials science, electrical and mechanical engineering, market and economy and public

policies play an important role when designing these converters [24].

Another key aspect of wave power conversion is the control of such devices. It is not straight-

ix
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4 Introduction

Figure 1.1: Illustration of how renewable energy from the sun is converted
into other forms, and their relative energy content compared to today’s
global energy need [118].

materials, development of machinery principles and components, design for
extended component lifetime and safe, e!cient transport of energy to shore
(see Figure 1.2). Furthermore, it is essential to ensure minimal influence
on marine life, minimise conflicts with other uses of the sea, as well as to
find good solutions for installation, operation and maintenance in an often
rugged environment.

1.2.1 Historical and technical context

The last two centuries have seen a series of ingenious trials on building wave
conversion machinery — the book by McCormick [80] provides examples of
some early proposals and also more recent patents. The task of inventing
a viable wave energy converter has, however, proved to be challenging in
terms of achieving a su!ciently low cost–benefit ratio. A commercial break-

Figure 1: Global renewable energy resources. The size of the circle represents the relative energy content com-
pared to the global energy needs. Figure taken from [35].

forward to determine which control strategy is the optimal one to be employed since many aspects of

the extraction have to be taken into account. The main interest from an economic point of view is the

maximum energy extraction but issues such as survivability to harsh conditions, long lifetimes and peak-

to-mean power flow have to be considered as well.

For certain types of wave energy converters there are many studies concerning optimal control strate-

gies. Most of these investigations remain on a theoretical level or are tested on simulated environments

with ideal or sub-ideal conditions. Even though they show promising results, these remain far from being

applicable on real devices.

It is in this context that this work is carried out. The thesis concentrates on following control problem:

the optimisation of the energy conversion of a point absorber wave energy converter, or WEC. The choice

of this particular technology is due to the close collaboration of the Fraunhofer IWES with Aalborg

University (AAU) in ocean energy projects. The AAU itself collaborates closely with Wave Star A/S

and because of this, owns a scaled down laboratory model of the point absorber used in the WaveStar

prototype. As part of a MARINET project, it was possible to test several control strategies on the laboratory

model in AAU. For that purpose, a thorough understanding of the working principles of this type of

WEC had to be achieved. This work presents the theoretical background necessary to understand this

conversion principle in a compact yet clear way.

In the MARINET project, advanced control strategies which include signal prediction, were also tested.

It was decided early on not to consider them in the analysis of this thesis. The inclusion of such advanced

control strategies would have been beyond the scope of this work.

As a first approach, the control strategies for maximal energy extraction are studied in this work. One

of the goals of this work is to not only study the control strategies for maximum energy extraction but also

their adaptability in practice, as there have been only few practical implementations so far. These control
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strategies are to be adapted to work online on the WEC model in AAU and, of course, experimentally

tested.

Outline of the thesis

The first chapter in this thesis briefly presents the wave energy as a renewable energy source and gives

an overview of the current methods of wave energy extraction, along with a respective existing example.

Chapter two describes the theoretical background necessary to understand and model a point absorber

WEC with one degree of freedom. It introduces the linear wave theory, which is used to obtain the

physical model of the WEC. It then presents the ideal control strategy for the point absorber, known as

the reactive control. It also gives a brief overview of the possible and existing control strategies for these

kind of WECs. Special attention is given to the state of the art control strategy used in the WaveStar

WEC: the PI control. Furthermore, the simple and effective real time control strategy (SE control), a

novel and promising control strategy presented in [22], is explained in detail in this chapter.

Chapter three presents the results of simulated experiments using the physical WEC model of the

point absorber and two selected control strategies: the PI and the SE controls. The sea states used for

the experiments are presented. An optimisation of both control strategies for the selected sea states

is also carried out. The results regarding maximum energy conversion are presented for both control

strategies in the ideal case, that is, when no uncertainties are present. This chapter also includes a study

on the robustness of the PI and SE control. It focuses on the energy conversion of both strategies when

uncertainties such as signal noise, signal delay and physical model uncertainties are included.

Chapter four includes the results of real life experiments carried out on the laboratory WEC model

located in AAU. The experimental setup is presented and the configuration of both control strategies is

described. The results for two irregular sea states are shown and a comparison with the simulated results

is made. In addition, a brief analysis of the discrepancies between the results is made and possible

sources of these differences are considered.

Chapter five evaluates the results of the previous chapters from an implementational point of view.

Furthermore, a comparison of the SE and PI controls is made regarding other important control aspects

in wave energy conversion.

Finally, the last part of this work summarizes all important conclusions and points out possible lines

for future work.



Chapter 1

Brief Overview of Wave Energy
Conversion

This chapter gives an introduction to the wave energy resource. It presents how wave energy is generated

and gives an estimation of the amount and distribution of energy available for conversion. Additionally,

an overview of the existing technologies for wave energy extraction is presented, including an existing

prototype for each category. This also includes the WaveStar WEC, which is the prototype on which the

model of this work is based on.

1.1 Wave energy as a renewable energy source

Wave energy is created by wind, which itself is a product of the atmosphere’s redistribution of solar

energy. The wave energy that hits the coastlines worldwide has been estimated to be in the order of 1

TW, one order of magnitude smaller than the world’s present power consumption [17]. If the energy of

the offshore waves is considered as well, the amount increases by one order of magnitude. It therefore

represents an enormous source of renewable energy.

Because of the conversion of solar energy to wind energy and then to wave energy, there is an effec-

tive spatial concentration of the power flow. It increases from approximately 0.3 kW/m2 of solar power

on a horizontal surface to the earth to about 3 kW/m2 of wave power on an envisaged area perpendicular

to the direction of wave propagation. This feature, along with the fact that wave energy is more persistent

than wind energy, makes this energy resource quite attractive.

Ocean waves are highly irregular. They are represented in a statistical way in form of a sea state.

It is the representation of a limited region of the ocean’s surface over a particular time period. A sea

state is defined by the significant wave height of its waves Hs, their peak spectral period Ts and their

power spectral density Sηη(ω). The significant wave height Hs describes the mean wave height (trough

to crest) of the highest third of the waves in the sea state. The peak spectral period Tp represents the most

common wave period in that particular sea state. The power spectral density Sηη describes quantitatively

the distribution of the wave power over the individual frequencies. As such, a sea state can be regarded

as a superposition of regular waves, each having a power density given by [24]

Pwav =
ρg2

32π
H2T. (1.1)

1
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Figure 1.1: Mean annual wave power density in the world. Figure taken from [13].

Here ρ represents the density of salt water, g is earth’s gravity, H is the wave height from trough to crest

and T the wave period. Pwav represents a power density since it gives the power per meter of wave crest

length.

The stored energy in waves is both kinetic energy, due to the motion of the water, and potential

energy. The latter part comes from the work done when the flat water surface is deformed into a wave

crest. The water has to be lifted against the force of gravity.

The distribution of wave energy is not constant on the globe. An annual mean can be seen in figure

1.1. The mean power density is higher in regions between latitudes 40◦ and 60◦ in both hemispheres.

Also, since the waves originate from oceanic winds, the highest average levels of wave energy are found

on the lee side of the oceans. This includes the west coast of countries like the United Kingdom, Ireland,

Norway, Portugal and France in Europe. Worldwide, countries like the United States, Chile, South

Africa, Australia and New Zealand have the highest amounts of this resource.

Wave energy power also varies with the seasons, specially in the northern hemisphere. Figure 1.1

shows the annual mean, but for example at 50◦ latitude, the average fluctuates between 120 kW/m in

January and 15 kW/m in July [24]. The southern hemisphere has much less seasonal variation in its

wave power. Here, the average in July is about 130 kW/m and in January about 80 kW/m.

1.2 Types of wave energy converters

Although the last decades have seen a series of ingenious wave conversion mechanisms, the task of

inventing a viable energy converter has proved to be quite challenging. Specially in terms of achieving a

sufficiently low cost-benefit ratio. The types of wave energy converters (WECs) can be roughly grouped

into two categories: the oscillating WECs and the interface WECs [4].

The first group of WECs are devices that are in direct contact with the ocean waves and oscillate in

one or several directions. In ocean engineering there are six degrees of freedom in which a body can
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Turbine

Figure 1.2: Working principle of an oscillating water column WEC.

move [16]. The translational movement in the x, y and z direction are known as surge, sway and heave,

respectively. The other three degrees of freedom correspond to the rotational movement around the x, y

and z axes and are known as roll, pitch and yaw, respectively. The more degrees of freedom an oscillating

WEC has, the more energy it can convert from the waves. The downside is that more degrees of freedom

imply a more difficult system to model, control and maintain.

The second group of WEC devices are characterised by the fact that no oscillation takes place in the

wave-body interaction. The devices are designed to convert energy via the interface between air or water

and the power take off (PTO) device. Such devices usually require less maintenance than the oscillating

WECs.

There are many proposed wave energy converters that are already working as prototypes, but none

has had a commercial breakthrough so far. In the following, the existing WEC types that have existing

prototypes are presented, as well as their working principle.

Oscillating water column

The oscillating water column (or OWC) WEC uses a large volume of the sea surface as a piston that

moves the air inside a chamber which in turn moves a turbine. It is an example of an interface WEC.

The working principle is shown in figure 1.2. The device forms a chamber where the air is locked

within. The bottom of the chamber is open so that the sea surface can change the air volume of the

chamber. As the sea level rises, the air is pushed out of the chamber via an opening at the top of the

chamber. In this process, a turbine is moved and electricity is generated. When the sea level sinks, a low

pressure zone in the chamber is generated and air flows into the chamber, moving again the turbine. A

special kind of turbine, the Wells turbine, is implemented to keep the direction of its rotation constant in

spite of the changing direction of the air flow.

The OWCs can be used as both onshore and offshore WEC. An example of an onshore OWC is the

LIMPET WEC, shown in figure 1.3, point (a). It was built in 2000 on the Island of Islay, Scotland, and had

a nominal power of 500 kW [38]. It continuously fed the electrical grid of Scotland over a period of seven

years [39]. Because it was built onshore, its maintenance is rather unproblematic. On the downside, the
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(a) (b)

Figure 1.3: Two existing oscillating water column WECs. (a) the LIMPET in Scotland, figure taken from [27]. (b)
the OE Buoy in Ireland, figure taken from [28].
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power absorption from ocean waves.

Full scale prototype Pelamis WEC, 120 m long and 3.5 m diameter, has been constructed and
has been successfully connected to local electrical power network.

2.1.2.3. Submerged pitching convertors

Yet, there are different devices that fall in this category [29, 30] one of which is Oyster [31],
Aquamarine Power Ltd developed near-shore WEC. The Oyster is a bottom hinged rigid
flap which completely penetrates the water column from above the surface to the sea bed.
When wave attach the Oyster, WEC starts to oscillate in pitch mode, rotational motion
around hinging axis, and this motion moves a double acting high pressure sea water pump.
A set of non-return valves rectify the flow from the double acting pump consequently the
flow is regulated by a gas accumulator. The flow (water) is transferred to the shore through
pipeline. In the onshore hydraulic plant, hydraulic pressure is converted into electric power
via a Pelton wheel. Finally the water passes back to device in a close lop via a second low
pressure return pipeline. The schematic of Oyster is presented in fig. 17. Another WEC that
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(a) (b)

Figure 1.4: (a) The Pelamis WEC prototype, located in Scotland. (b) Working principle of the Pelamis. Figures
taken from [31] and [4].

amount of available wave energy at the shoreline is less than offshore since friction losses occur as the

waves reach land.

Point (b) in figure 1.3 shows the OE Buoy located in Galway Bay, Ireland. It is a floating OWC,

anchored on the seabed to prevent it from drifting. Since it operates offshore, this type of OWC has the

potential to convert more wave energy but its maintenance becomes difficult [36].

Attenuator

The attenuator-type WEC is considered an oscillating WEC and consists of an elongated floating body,

aligned either parallel or perpendicular to the wave front. It usually consists of individual parts which

can move independently from one another. It is the movement of the individual parts relative to each

other or to a common reference that converts the wave energy into useful energy. Since the wave front

loses energy as it passes through the individual parts of the WEC, it has an ‘attenuating’ effect on the

wave energy. Hence the name of this WEC-type.

A famous example of an attenuator WEC is the so-called Salter’s duck [17]. It was one of the first

WEC proposed in the UK and works by converting the wave energy into useful kinetic rotational energy.

Another example is the Pelamis WEC, shown in figure 1.4. The first comercial-scale prototype of
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(a) (b)

Figure 1.5: (a) The PowerBuoy point absorber WEC, located in Scotland. (b) Working principle of the point
absorber WEC. Figures taken from [29].

this WEC was tested at the European Marine Energy Centre, Scotland, between 2004 and 2007 [31]. It

is 120 m long and 3.5 m in diameter. It consists of four tube sections linked by three power conversion

modules, as shown in figure 1.4, point (b). The tubes are free to move in two directions, following the

ocean waves. The motion of the tubes is resisted in the joints by hydraulic cylinders that pump fluid into

high pressure accumulators and produce a rated power of 750 kW. This prototype was also the first to be

employed in a small wave farm in 2008 in Portugal.

Point absorber

The point absorber WEC is also an oscillating WEC and has its name from the fact that its size is

small compared to the typical wavelength of the sea state. They are usually axis-symmetric so that the

conversion efficiency is the same for waves coming from all directions. They comprise a heaving body

that moves in one or two degrees of freedom in respect to a fixed anchor or a submerged body. From the

relative motion, useful energy can be obtained.

Figure 1.5 shows the PowerBuoy point absorber WEC. The working principle of this type of con-

verter is shown in point (b). A floater is able to move relative to a heave plate in the vertical dimension.

The relative motion drives a linear electric generator that produces electricity, which is transferred to

land via a sea cable. Point (a) shows the PowerBuoy, located in Scotland.

Another similar device is the WaveStar WEC, shown in figure 1.6, point (a). It consists of a series

of semi-spherical floaters attached by lever arms to a platform. The platform stands on legs secured to

the sea floor. The movement of the floaters relative to the platform is transferred via hydraulics to a

generator that produces electricity. The prototype shown in (a) of figure 1.6 is still on a 1:2 scale and has

two floater arms. The envisioned device is shown in (b) and will consist of 20 arms. It would work on par

with offshore wind turbines to form an ‘energy park’. Such parks would not only reduce the set-up costs

of their individual devices but would be able to produce energy with less temporal fluctuations [41].

Strictly speaking, the full WaveStar WEC is considered an attenuator since it converts energy as the

wave passes along (see (b) in figure 1.6). But since each individual floater is a point absorber, it is listed

here.
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Figure 1.6: (a) The WaveStar prototype WEC, located in Denmark. (b) Implementation of full-scale versions of
the WEC along with offshore wind turbines to form energy parks. Figures taken from [41] and [14].
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(a)

(b)

Figure 1.7: (a) Working principle of the overtopping WEC. (b) Picture of the Wavedragon overtopping WEC
prototype in Denmark. Figures taken from [40]. and [4].

Overtopping devices

Overtopping WECs count as interface WECs. As the name already suggests, they use the wave energy

to concentrate a certain amount of sea water to an elevated reservoir (compared to the sea level). This

accumulates potential energy which is converted into kinetic energy as the water escapes the reservoir at

the bottom. This in turn is used to move turbines and produce energy. The working principle of such a

WEC is shown in figure 1.7, point (a). A ramp helps the incoming wave to access the reservoir, where it

is held at a higher level of potential energy.

Point (b) of figure 1.7 shows the Wavedragon WEC prototype in Denmark. It is anchored to the sea

bed like a ship and consists of three parts [4]. The main part includes the reservoir and a double-curved

ramp which float on the ocean surface. Attached to this platform are two wave reflectors. They help

to guide and intensify the incoming wave so that it can reach the reservoir. The third part is the PTO

system. It consists of a low head Kaplan turbine that converts the water flow into electrical energy.
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The focus of this work will be on the point absorber WEC with one degree of freedom in its motion,

for reasons already mentioned in the introduction. Another reason for studying point absorber WECs

with one degree of freedom is that they are appealingly simple to model. This is specially useful in

control engineering, where a simple model of the system makes it possible to have an overview of the

control problem.

In the following chapter, the theoretical background for modelling point absorber WECs is presented

as well as the possible control strategies for maximum energy extraction.



Chapter 2

Modelling and Control for Point
Absorber-Wave Energy Converters

This chapter discusses the theoretical background regarding the control for WECs of the point absorber

type. The first part focuses on the physical modelling of the system. Then, the optimum control strategy

known as reactive control is presented and a description of the existing control strategies is given. Finally,

a brief overview of other possible control strategies is made and the SE control is presented and explained.

2.1 Derivation of the physical model of the point absorber WEC

As with many applications in ocean engineering, the theoretical background for wave energy conversion

assumes linear wave theory. In this way, the essential interactions relevant to the field are captured and

the simplicity for further applications is maintained. In the following section, the relevant points of the

linear wave theory regarding wave energy conversion are outlined (see [16] for a complete work on this

subject).

2.1.1 Linear wave theory and the velocity potential

The basic hydrodynamic equations for linear wave motion are the continuity equation and the Navier-

Stokes equation. The first one is given by

∂ρ

∂ t
+∇ · (ρ ·~v) = 0, (2.1)

and represents the conservation of mass. Here ρ is the density of the fluid and~v the fluid element velocity.

The Navier-Stokes equation is given by

∂~v
∂ t

+(~v ·∇)~v =− 1
ρ

∇ptot +ν∇
2~v+~g, (2.2)

and represents the conservation of momentum in the fluid. Here ptot is the total pressure on the fluid, ν

the kinematic viscosity and~g the gravitational acceleration. It was already assumed that the gravitational

force is the only external force density that acts on the system.

Furthermore, it shall be assumed that the fluid is ideal. That is, inviscid, incompressible and irrota-

8
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tional. This introduces the notion of a velocity potential, defined by

∇φ =~v. (2.3)

Applying these assumptions to equation (2.2), it can be shown that the non-stationary Bernoulli equation

is obtained:
∂φ

∂ t
+

v2

2
+

ptot

ρ
+gz =C. (2.4)

Here, z is the vertical position and C an integration constant.

An important consequence of these simplifications is the fact that scalar quantities replace the vecto-

rial ones and that a particular wave energy problem can be addressed by solving the Laplace equation

∇
2
φ = 0, (2.5)

with the appropriate boundary conditions. One is the solid surface boundary condition

∂φ

∂n
= un, (2.6)

which tells us that there is no fluid flow through the solid boundary with normal vector~n. Furthermore,

the fluid has the velocity of the solid body in that direction, namely un. This could be for example the

wetted surface of a point absorber WEC or the horizontal bottom of the sea (which has a depth h), where

eq. (2.6) becomes
∂φ

∂ z
= 0 at z =−h. (2.7)

In addition to these boundary conditions, there are the so-called free surface boundary conditions, which

describe that, at the interface between air and water, the fluid has to have the wave elevation η(x,y, t).

These boundary conditions can be summarised into following equation[
∂ 2φ

∂ t2 +g
∂φ

∂ z

]
z=0

= 0. (2.8)

It indicates that ∂φ

∂ z follows ∂η

∂ t at the interface between air and water, which is z = 0. Since η is also an

unknown quantity, eq. (2.4) was used as an additional (dynamic) boundary condition. Equation (2.8),

along with eq. (2.6) have to be applied to fully solve the problem. As a further simplification, if the

moving body is oscillating with small amplitudes, it is possible to apply the linearising approximation

that eq. (2.6) is to be used with the time-averaged (equilibrium) position of the wet surface of the body.

Solving the mathematical problem gives the velocity potential φ(x,y,z, t), from which all relevant

physical quantities from the fluid can be derived:

~v(x,y,z, t) = ∇φ ,

p(x,y,z, t) = −ρ

(
∂φ

∂ t +
v2

2

)
≈−ρ

(
∂φ

∂ t

)
,

η(x,y, t) = −1
g

[
∂φ

∂ t

]
z=0

.
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By applying the Fourier transform, the quantities above can be expressed in the frequency domain

~v(s) = ∇φ(s),

p(s)≈ −ρ (s ·φ(s)) ,
η(s) = − s

g [φ(s)]z=0 ,

where the spatial dependence has been omitted and the notation s = iω has been used. The latter notation

shall be used throughout this work.

2.1.2 Hydrodynamic wave-body interaction

Once the concept of the velocity potential has been presented, it can be used to describe the interaction

between the waves and a submerged body. For simplicity, this work will only consider bodies with one

degree of freedom. They will be able to move freely in the z direction, which in ocean engineering is

known as the heave mode of motion.

The motion of the body is due to several forces acting on it. In general, the hydrodynamic force

acting on a submerged body can be described using

Fhd(s) =−
∫ ∫

S
p(s)nzdS = s ·ρ

∫ ∫
S

φ(s)nzdS, (2.9)

where p(s) is the hydrodynamic pressure and S represents the wetted surface of the body.

If the body moves in the water, it will radiate waves. The radiated waves can again be associated to

a velocity potential φr which is assumed to be proportional to the body’s velocity:

φr(s) = ϕz(s) ·uz(s). (2.10)

Here, ϕz(s) is a complex, spatially dependent coefficient of proportionality. Since φr is also a velocity

potential, ϕz has to satisfy eqs. (2.5) to (2.8). In the special case of open sea, which is the relevant case for

wave energy conversion and hence this work, an additional boundary condition has to be implemented.

It is called the radiation condition at infinite distance and basically assumes that far from the body the

radiated waves have a circular form. For the sake of brevity, the details of this boundary condition will

not be explained here, but can be looked up in [16]. The force on the body due to the radiated waves is

obtained using eq (2.9):

Fr(s) = s ·ρ
∫ ∫

S
ϕz(s)uz(s)nzdS. (2.11)

The body is assumed to be rigid, so uz(s) is a constant under the integral in (2.11). It can therefore be

written as

Fr(s) =−Z′r(s) ·uz(s), (2.12)

where Z′r(s) represents the radiation impedance of the body. It is dependent on ϕz and therefore has to be

determined for each particular problem studied. It is convenient to separate Z′r(s) into real and imaginary

parts

Z′r(s) = R′(s)+ s(Ma(s)+m∞), (2.13)

where R′(s) is the so-called radiation resistance and Ma(s)+m∞ the added mass. Here, m∞ is the added
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mass for infinite frequency [17].

The second force considered in this work that has an effect on the body is the so-called excitation

force. If the body is fixed, a non-vanishing φ is the result of an incident wave that causes this excitation

force. Using eq. (2.9), this force can be expressed as a function of the incident velocity potential

Fex(s) = s ·ρ
∫ ∫

S
(φ0(s)+φd(s))nzdS. (2.14)

In this equation, φ0 and φd represent the velocity potential for the incident and diffracted wave, respec-

tively.

Finally, we consider the case where the body does not move. Since ~v = 0, φ is constant and can be

taken out of the integral in eq. (2.9). The resulting force is dependent on the wetted surface of the body

and is a result of the hydrostatic pressure that acts on it. It is known as the buoyancy force Fb. For small

amplitudes, the horizontal component of the wetted surface is approximately constant and Fb becomes

proportional to the vertical submersion. Additionally, another static force acts on the body, namely the

gravitational force Fg.

These two forces define the equilibrium position of the body if no other forces act on it. The frame

of reference is appropriately chosen so that it coincides with zero displacement of the body. If the body

moves out this position, it will feel the so-called hydrostatic restoring force which will return it to the

equilibrium position. For small amplitudes, this force is proportional to the displacement and can be

modelled as

Fhs =−K ·∆z, (2.15)

where the proportionality constant depends on the geometry of the body.

2.1.3 Physical model of the WEC

The physical model of the linear point absorber is shown in figure 2.1. It consists of a floating body of

mass mpa partially submerged in open sea and is able to move in only one direction. The quantity that

fully describes the system is its vertical deviation z of the equilibrium position. The equation of motion

for this system is

mpaz̈ = Fhs(t)+Fr(t)+Fex(t)+Fu(t), (2.16)

where mpa is the mass of the point absorber and the first three forces on the right hand side represent the

hydrostatic, the radiation and the excitation force, respectively. Fu represents another force, which is ap-

plied by the power take-off (PTO) system and is used to convert the wave energy into useful mechanical,

electrical or hydraulic energy. Applying eqs. (2.15), (2.12) and (2.13), it is possible to rewrite (2.16) in

the frequency domain as follows:

mpas · ż(s) =−K
ż(s)

s
− (R′(s)+ s(Ma(s)+m∞))ż(s)+Fex(s)+Fu(s),

or, more simply [
(mpa +m∞)s+(R′(s)+ sMa(s))+

K
s

]
· ż(s) = Fex(s)+Fu(s).
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Figure 2.1: Physical model of a linear point absorber WEC. A floating body partially submerged in the open sea.
A power take-off (PTO) device is outlined here as well to indicate the wave energy conversion.

Introducing the notation

Mpa = mpa +m∞ (2.17)

B′pa(s) = R′(s)+ sMa(s) (2.18)

K′pa = K, (2.19)

the last equation becomes [
Mpa · s+B′pa(s)+

K′pa

s

]
· ż(s) = Fex(s)+Fu(s). (2.20)

It is now possible to identify the system as a forced harmonic oscillator with a frequency dependent

damping coefficient B′pa(s). Using this analogy, eq. (2.20) can be written in a more compact form

Z′i(s) · ż(s) = Fex(s)+Fu(s), (2.21)

where Z′i(s) is known as the mechanical intrinsic impedance of the point absorber.

Based on the WaveStar WEC, the physical model considered in this work consists of a hemisphere

with flat top submerged partially in the open sea, as shown in figure 2.2. Its defining parameters are the

mass mpa and the diameter dpa. The quantity that fully describes the system in this case is the angle

θ of the floater arm with respect to the equilibrium position. Even though the motion of the system is

angular, the amplitudes are assumed to be small enough for the system to be linear and the relations

derived previously for the heave motion may be applied.

The only changes that take place are that the system’s mass Mpa changes to an equivalent moment

of inertia Jpa and the acting forces become acting torques. The angular equivalent for equation (2.21) is
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Figure 2.2: Physical model of the WEC used in this work. A hemispherical floater partially submerged in the open
sea. A power take-off (PTO) device is outlined here as well to indicate the wave energy conversion.

then given by [
Jpa · s+Bpa(s)+

Kpa

s

]
· θ̇(s) = τex(s)+ τu(s), (2.22)

or, more compactly,

Zi(s) · θ̇(s) = τex(s)+ τu(s). (2.23)

Here, τex and τu represent the excitation and PTO torques, respectively. Note that in this work, the

angular velocity of the point absorber shall be denoted as θ̇ even in the frequency domain. This is to

clearly separate it from ω , which shall be used to describe the angular frequency of a given signal.

To identify the parameters Jpa, Bpa and Kpa, the mathematical problem of solving eq. (2.5) for φr

with the appropriate boundary conditions (including the radiation condition) has to be addressed. This

can only be done analytically in very few cases with simple geometries and is therefore usually done

experimentally or numerically. This work was carried out as part of a SDWED project in collaboration

with Aalborg University (AAU) [2]. In [44], a model identification for a laboratory test model used in

AAU was carried out and, as part of the collaboration, it was possible for us to use their results. Since

the experimental part of this thesis would use the laboratory model in AAU, it was very convenient to

use their model parameters to test the control strategies. The parameters used in the physical model of

this work are

Jpa = 1.356 [kg·m2], (2.24)

Bpa(s) = −0.159·s2+35.66·s+15.22
s2+13.59·s+106.8 [kg·m2/s], (2.25)

Kpa = 87.04 [kg·m2/s2]. (2.26)

Note that Bpa(s) is a second order function and therefore, only an approximation of the real hydrody-

namic damping coefficient. This approximation is used since it is not possible to know the radiation

response of the system for all frequencies. Using a second order transfer function captures the essence of
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the phenomenon while maintaining a linear system. In [44], a numerical optimisation of Bpa(s) around

the eigenfrequency of the system was done and this result is used herein.

Equation (2.23) can be regarded in control theory as a linear system where τex + τu is the input, θ̇ is

the output and Zi(s) the transfer function. This notion will be further exploited in the next section.

2.2 Ideal and existing control strategies for energy conversion

The goal of this thesis is to analyse the control strategies for maximum energy extraction in point absorber

WECs. It is useful to know the theoretical maximum that can be achieved with this type of WECs, since

it gives a reference point for the performance of the existing control strategies. This strategy is called

reactive control or complex conjugate control, for reasons that will become clear in the following section.

2.2.1 Reactive control as an ideal control strategy

The useful mechanical power that can be absorbed from the wave motion is given by [16]

Pabs(t) =−τu(t) · θ̇(t). (2.27)

In this work, the convention has been used that positive Pabs denotes the power flow from the ocean to

the PTO device. Hence, the absorbed energy is

Eabs =−
∫

∞

−∞

τu(t) · θ̇(t)dt. (2.28)

Using the fact that τu(t) and θ̇(t) are real, it is possible to rewrite eq. (2.28) as

Eabs =
1

2π

∫
∞

0

[
−τu(ω) · θ̇ ∗(ω)− τ

∗
u (ω) · θ̇(ω)

]
dω, (2.29)

where (·)∗ denotes the complex conjugate of a quantity. After some manipulation, the last equation

becomes

Eabs =
1

2π

∫
∞

0

[ |τex(ω)|2−α(ω)

2 ·RE{Zi(ω)}

]
dω, (2.30)

where

α(ω) = |τex(ω)|2 +2 ·RE{Zi(ω)} · [τu(ω) · θ̇ ∗(ω)+ τ
∗
u (ω) · θ̇(ω)]. (2.31)

Noting that, from equation (2.23) we have τex = Zi · θ̇ − τu, it can be shown that α(ω) may be rewritten

as

α(ω) = |τu(ω)+Z∗i (ω) · θ̇(ω)|2. (2.32)

Equation (2.32) has two important consequences. The first one is that α(ω) ≥ 0, this means that the

absorbed energy in eq. (2.30) is maximum when α(ω) = 0. The second one is that this occurs when the

control torque has the form

τu(ω) =−Z∗i (ω) · θ̇(ω). (2.33)

Hence, the ideal control strategy effectively cancels the internal reactance of the system. It is because of

this that this control strategy is called reactive or complex conjugate control.
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Figure 2.3: Equivalent circuit of the maximum power absorption problem. Making the appropriate analogies, it
becomes an impedance matching problem.

Another explanation of this strategy can be made using an analogy to electronics. Making the analogy

of torque to voltage, angular velocity to current and mechanical impedance to electric impedance, an

equivalent circuit can be drawn [9]. It is shown in figure 2.3. Here, Zu represents the impedance of

the PTO device. It is connected in series with Zi because the torque coming from the PTO has a direct

influence on the angular position, velocity and acceleration. For τex, this effect appears as an additional

impedance of the system, denoted as Zu. The absorbed power is given by eq. (2.27) and in the electric

equivalent, it has the form

Pabs =−τu · θ̇ =−Zu · θ̇ 2. (2.34)

The power ‘flowing’ through the control impedance due to θ̇ is maximised, according to the maximum

power transfer theorem, when Zu =−Z∗i . The problem stated here is known in electrical engineering as

the impedance-matching problem [19].

An important aspect of this control strategy is that, in order to achieve maximum energy extraction,

there will be instants where the power flow will occur from the WEC to the ocean. It is only when the

average is considered that an effective energy extraction occurs.

A major drawback of the reactive control is that it cannot be implemented in practice. This becomes

clear when equation (2.33) is written in the time domain:

τu(t) =−Zi(−t)∗ θ̇(t) =
∫

∞

−∞

−Zi(−t− τ) · θ̇(τ)dτ. (2.35)

Seeing Zi as the transfer function from θ̇ to τu, this equation says that in order to calculate the appropriate

torque from the PTO device, future values of the angular velocity of the system have to be known. For

the exact equality, the values should be known indefinitely into the future. This is clearly not possible

since it would demand also the future knowledge of the wave elevation in the sea.

It is because of this that other control strategies are needed to convert the wave energy into useful

energy. As can be seen when eqs. (2.23) and (2.33) are combined, the optimal angular velocity should

be in phase with the excitation torque

θ̇opt(ω) =
1

2 ·RE{Zi(ω)} · τex(ω). (2.36)
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Furthermore, the optimum conversion factor between both quantities is twice the real part of Zi, also

known as the internal damping of the device.

This is what almost all strategies tuned for maximum energy conversion aim to do, in one way or the

other. These will be discussed in the remainder of this chapter.

2.2.2 State of the art control in real applications

The PI control, often called spring-damper control, is a robust and easy to implement control strategy

that is the current state of the art control in the WaveStar WEC [37]. The control strategy is given by

τu(t) = Bc · θ̇(t)+Kc ·θ(t), (2.37)

where Bc is the damping coefficient (in kg·m2/(rad·s)) and Kc the spring coefficient (in kg·m2/ (rad·s2)).

It is the analogy to the mechanical harmonic oscillator that gives the name to the controller and the

coefficients. In a more general sense, it has an element proportional to the relevant control variable (θ̇ )

and another proportional to the integrated control variable (θ ). This gives the used name to this control

strategy.

Taking the analogy of the mechanical oscillator, this control strategy uses Kc to make the system

change its natural frequency so that it is in resonance with the frequency of the excitation torque. Bc

converts the wave energy into useful mechanical or electrical energy.

This can be more clearly understood if one considers figure 2.3 and remembers the alternative way of

seeing the control torque as an additional impedance of the system. In this system, the angular velocity

can be expressed as

θ̇(s) =
τex(s)

Zi(s)+Zu(s)
=

τex(s)

(Bpa(s)+Bc)+ s · (Jpa +
Kpa+Kc

s2 )
. (2.38)

This way, Kc helps to compensate Kpa, Jpa and IM{Bpa(s)} while Bc helps making RE{Bpa(s)}+Bc into

2 ·RE{Zi(s)}, so that eq. (2.36) can be fulfilled. This is only possible in an exact way if the excitation

torque is monochromatic, but an appropriate mean value for Bc and Kc can be used for an irregular sea

state if the significant wave height Hs and the peak spectral period Tp of the particular sea state are known.

This is also the strategy proposed in [37]. It has the advantage of being stable while significantly

increasing the wave energy conversion rates (when compared to the linear damper control strategy).

Nevertheless, it is still far from the theoretical maximum conversion rates.

The linear damper control strategy is a particular case of the PI control where Kc = 0 kg·m2/ (rad·s2).

So the control strategy has the form

τu(t) = Bc · θ̇(t). (2.39)

This strategy does not drive the resonant frequency of the system into the excitation torque frequency.

Because of this, it works best when the excitation torque has a frequency close to the resonant frequency

of the system. An optimal value for Bc can be obtained following the steps in [44], but it is common

practice to determine its value manually or with appropriate simulations. This is also the case for the PI

control.

An advantage of the linear damper control is that, since it does not have a reactive part, it only
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Figure 2.4: Working principle of the latching control strategy. The position θ of point absorber is locked whenever
the velocity tends to zero. It is released again at the optimum moment.

lets the power flow from the ocean to the PTO device. It should also be said that, because of its easy

implementation and its stability, the linear damper control was the strategy used in the WaveStar WEC

up until recently [20].

2.3 Alternative control strategies for point absorber WECs

This section presents the control strategies that could be implemented on this kind of WEC. They have

been implemented at least in simulated experiments. These are briefly explained, as well as their advan-

tages and drawbacks.

Latching control

One possible control strategy is the so-called latching control. It was one of the first proposed control

strategies for the point absorber WEC [10] and many theoretical studies have been made on that strategy

ever since [7, 8].

Basically, latching control consists of locking the motion of the point absorber when its velocity is

vanishing at the end of an oscillation, and waiting for the most favourable moment to release it again.

The determination of the length of the locking-time is the problem to be solved in this strategy. Figure

2.4 outlines the idea of this control strategy. Whenever the velocity is close to zero, the point absorber is

near a position of maximal amplitude. Here, the movement of the body is locked and the system waits

for the wave elevation η to change enough so that the body may be released again. This way, the angular

velocity of the point absorber is nearly in phase with the wave excitation torque and the system is close

to resonance. The velocity of the body is quite high between the locking positions and an appropriate

damping can lead to a large amount of converted energy.

The advantages of this control strategy is that it is quite easy to implement and that it only allows

the power to flow from the ocean to the PTO device. When the device is locked, its velocity is zero and

hence the restraining forces do no work.
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A concern of this strategy is that it involves high costs, specially in the maintenance of the system.

Current latching mechanisms cause a large amount of wear on the system and, because of this, several

components have to be accordingly durable [11]. Another important factor is that the wave elevation

has to be predicted in an accurate way, so that the optimal instant for releasing can be determined. This

brings additional uncertainties to the strategy.

Model predictive control

Another possible strategy is the model predictive control, or MPC. It has been used in fields such as

process engineering, energy storage systems [5] and, recently, even in the energy conversion of point

absorber WECs [32].

The basic working principle of this control strategy is that it has an internal, preferably linear, model

of the system to be controlled. It measures the system’s input and output and, using a prediction algorithm

such as adaptive filters [18], it gives an estimation of the system’s state over a relatively short prediction

horizon. Then, an optimisation problem is solved so that the relevant objective function, in this case the

converted energy, is maximised for the prediction horizon [12]. In this way, the optimal control torque is

obtained for that time interval. In the next time step, the new values of the system’s input and output are

captured and the process is repeated again.

The advantage of this strategy is that it is theoretically capable of energy-conversion rates close to the

reactive control strategy. Additionally, since it already has an internal model of the WEC, it can be used

to solve the optimisation including certain constrains. These could be for example a maximum value for

the control torque or a certain peak-to-mean ratio in the absorbed power. Such constrains are also critical

in the choice of an optimal control strategy and can be included in a natural way with this strategy.

On the other hand, this strategy requires a fairly precise internal model of the system to calculate

the optimal control variable. It is also computationally quite demanding since it uses a prediction and

an optimisation algorithm that are carried out for each time step. Therefore, additional computational

power might be needed on the WECs if this strategy is to be implemented.

As can be seen, both these strategies rely on a prediction of future quantities to achieve an optimal

energy conversion. Other strategies, such as the one proposed in [33], also have this feature. From a

practical point of view, the requirement of predictions in a control strategy introduces uncertainties and

lowers the overall robustness of these strategies. This is a fundamental feature for a control strategy,

since most of the time it will have to run without supervision for long periods while operating at sea. The

next strategy does not have this requirement and is therefore quite attractive.

2.4 Simple and effective real-time control

The control strategy presented in this section is proposed in [22] as a new and simple way to reach

wave energy conversion levels near the theoretical optimum and this without the requirement of signal

prediction. There it was termed ‘simple and effective real-time control’, and therefore will be denoted in

this work as SE control.

The main idea of this control strategy is as follows: under the assumption that the excitation torque is

known and with the aid of an internal model for the WEC, a reference velocity θ̇re f that is very close to
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Figure 2.5: Control route for the SE control. The estimator uses τex to get a reference velocity θ̇re f close to θ̇opt .
In an underlying velocity control loop, the actual velocity θ̇ is made to follow θ̇re f .

θ̇opt is generated. The angular velocity of the point absorber is then made to follow θ̇re f with a velocity

control loop. This way, the optimal control torque is obtained indirectly.

The control route is outlined in figure 2.5. Given the excitation torque τex, the strategy uses an

estimator to obtain first an estimate of the current angular frequency of the signal. The frequency is then

used to determine an appropriate multiplication factor for τex to generate a reference velocity θ̇re f . This

way, it is made sure that it is in phase with τex. This reference velocity is then passed to the velocity

control loop for the velocity tracking. The transfer function K(s) takes the error e(t) = θ̇re f (t)− θ̇(t) and

transforms it into the control torque τu(t). In the following, both the estimator and the velocity control

loop are explained in detail.

Estimator

The estimator consists of an extended Kalman filter (EKF) and a lookup table. With the EKF, the instan-

taneous frequency ω̂(t) and amplitude Â(t) of τex(t) are estimated and passed to the lookup table. The

latter contains the values of 2 ·RE{Zi(ω)} for different values of ω in a range wide enough so that all

sea states relevant for the WEC are included. This way, we have

θ̇re f (t) =
1

H(t)
τex(t) with

1
H(t)

=
1

2 ·RE{Zi(ω̂(t))} . (2.40)

With a good estimation of ω̂(t) and a good model of Zi, this equation should provide a θ̇re f very close to

θ̇opt in eq. (2.36).

An fundamental assumption in this strategy is that the frequency spectrum of τex is sufficiently

narrow-banded so that it is possible to write the excitation torque as

τex(t) = A(t) · cos(ω(t) · t +β (t)). (2.41)

Here A(t), ω(t) and β (t) are the time varying amplitude, angular frequency and phase of the signal.

Since the spectrum is assumed to be narrow-banded, ω(t) is indirectly assumed to vary slowly. This is

also important when considering the energy conversion theory. The optimal angular velocity is given
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by eq. (2.36) and, in order for eq. (2.40) to give a good approximation of θ̇opt in the time domain, the

excitation torque has to be close to a Dirac-delta in the frequency domain for a long enough period of

time.

The EKF is the non-linear version of the Kalman filter, an estimator that uses a series of (possibly

inaccurate) measurements and a (possibly inaccurate) system model to produce an estimate of unknown

variables. This estimation tends to be more precise than an estimation on measurements alone or, as

in this case, gives an estimated value of quantities that are not directly measurable. A comprehensive

introduction on Kalman filters can be found in [26]. Here, the focus will be on explaining the EKF used

in the estimator.

For the EKF, the discrete time filter is implemented. It breaks into two phases. The first one is the

prediction phase where the internal states of the model are advanced one step. Then there is the update

phase where the internal states of the model that correspond to measurable quantities are compared to

the real measured signals. From the residual, the near-optimal Kalman gain is calculated and, with it, the

internal states are updated.

Accordingly, the corresponding state vector for the excitation torque with three internal states is used

[21]

x̂k|k =

 ψ(k)

ψ ′(k)

ω(k)

 , (2.42)

where the first state ψ represents τex and ω its instantaneous frequency. In the prediction phase, the

internal states are advanced one step

x̂k|k−1 = f (x̂k−1|k−1). (2.43)

Or, for the state vector in particular ψ(k+1)

ψ ′(k+1)

ω(k+1)

=

 cos(ω(k) ·Ts) ·ψ(k)+ sin(ω(k) ·Ts) ·ψ ′(k)
−sin(ω(k) ·Ts) ·ψ(k)+ cos(ω(k) ·Ts) ·ψ ′(k)

ω(k)

 , (2.44)

where Ts represents the sampling time. In the last equation it can be seen that the signal model assumes ω

to vary slowly. The EKF also has an error covariance matrix Pk|k, which gives a measure of the estimation

accuracy of the state estimate x̂k|k. It is updated in the prediction phase with following equation

Pk|k−1 = Fk ·Pk−1|k−1 ·FT
k +QK , (2.45)

where (·)T represents the transpose of a matrix. Here, QK is the covariance matrix associated with the

process noise and Fk is the state transition Jacobian, given by

Fk =
∂ f
∂x


x̂k−1|k−1

=

 cos(ω(k) ·Ts) sin(ω(k) ·Ts) Ts · (−sin(ω(k) ·Ts) ·ψ(k)+ cos(ω(k) ·Ts) ·ψ ′(k))
−sin(ω(k) ·Ts) cos(ω(k) ·Ts) Ts · (−cos(ω(k) ·Ts) ·ψ(k)− sin(ω(k) ·Ts) ·ψ ′(k))

0 0 1

 .

(2.46)

The next part in the process is the update phase. Here, the predicted internal states are compared
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with the measured quantities. This results in the so-called measurement residual, given by

yk = zk−h(x̂k|k−1). (2.47)

In this equation, zk represents the measured quantities and h(x̂k|k−1) the internal states that correspond

to the measured quantities. In this case, zk = τex and h(x̂k|k−1) = ψ(k + 1). In addition, the residual

covariance is updated using

Sk = Hk ·Pk|k−1 ·HT
k +RK , (2.48)

where RK is the covariance matrix associated with the observation noise and Hk the observation matrix

Jacobian:

Hk =
∂h
∂x


x̂k|k−1

= (1 0 0). (2.49)

Then, the near-optimal Kalman gain is calculated:

Kk = Pk|k−1 ·HT
k ·S−1

k . (2.50)

Finally, Kk is used to update both the state estimate

x̂k|k = x̂k|k−1 +Kk · yk, (2.51)

and the estimate covariance matrix

Pk|k = (I−Kk ·Hk)Pk|k−1. (2.52)

Then, the process is repeated for the next time step and so on.

With the appropriate initial conditions and covariance matrices QK and RK , it is possible to make

the internal states follow the ‘real’ states of the system by just comparing one of them, namely ψ(k).

To have an estimate of the amplitude and the angular frequency of τex, one simply combines the internal

states of the EKF. This way, the estimated angular frequency is

ω̂(t) = ω(k), (2.53)

and the estimated amplitude is

Â(t) =
√

ψ(k)2 +ψ ′(k)2. (2.54)

These values can be used on the lookup table to obtain the optimal multiplication factor 1/H(t).

As mentioned in [22], this control strategy can also be used to constrain the angle deviation. Since,

in an approximate way

θ̇ =
τex

H
,

and the angle deviation is given by

θ(s) =
θ̇(s)

s
,
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it is possible to choose a velocity so that a maximum angle is not surpassed.

θ(s)≤ θmax↔ |θ̇(s)|=
A
H
≤ ωθmax.

This way, the gain 1/H would have an upper limit, given by

1
H

=
ωθmax

A
.

The factor in the lookup table would then have an additional constrain, so that θmax is not surpassed. The

variable gain would now be given by

1
H(t)

=

 1
2·RE{Zi(ω̂)} if ω̂θmax

Â
≥ 1

2·RE{Zi(ω̂)}
ω̂θmax

Â
otherwise.

(2.55)

Even though this feature was not used in this work, it could be used to accomplish further control goals

such as a higher live time of the WEC or an internal protection mode for rough seas.

Velocity control loop

Once θ̇re f (t) is determined, the velocity control loop is used to make the angular velocity follow the ref-

erence velocity. In this work, K(s) is a P controller. This means that the reference torque is proportional

to the error between θ̇re f and θ̇ :

τu(t) =Cgain · e(t) =Cgain · (θ̇re f (t)− θ̇(t)). (2.56)

Assuming that with this control loop it is possible to make θ̇ follow θ̇re f (which in turn is very close to

θ̇opt), we indirectly obtain a τu that should also be very close to the optimum control torque.

The SE control strategy presented here is theoretically capable of converting wave energy in levels

close to the maximal ones. If the estimator and the velocity control are properly tuned, the resulting

angular velocity of the WEC is very close to θ̇opt . Furthermore, it manages to achieve this without

the need of a signal prediction, which reduces uncertainties and minimises sources of instabilities in

the control strategy. Additionally it is capable of handling some constrains, such as a maximum angle

deviation. This feature can be included in the control strategy so that additional control requirements are

fulfilled.

This control strategy assumes however that τex(t) is known. This is not the case in the practical

implementation of these WECs, since it is a torque that cannot be measured directly when the WEC is in

operation. It has to be estimated either via the measurement of the wave elevation on a nearby location or

via an observer. In this work, the second approach is used since it is appealingly simple and no additional

sensorial equipment has to be used for the control strategy to work. In the following section, the method

and its implementation on the control strategy is explained.
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Figure 2.6: Graphical representation of the working principle of the linear observer. Internal states represent both
the WEC model and a signal model for τex.

2.4.1 Extension of the SE control using a linear observer

Like the estimator, a state observer is a system that provides an estimate of the internal states of a real

system. This is done from measurements of the real system’s input and output. If the internal states of the

observer reflect accurately enough the real system, it is possible to extract information about quantities

that are not directly measurable, such as τex(t).

It was explained in section 2.1.3 that the physical model of the point absorber WEC is linear. There-

fore a linear observer will be used to estimate the internal states of the system. The theory behind linear

observers can be found in [26]. In this work, only the particular example that is of interest will be

considered.

Figure 2.6 illustrates the working mechanics of the linear observer. It runs ‘parallel’ to the real WEC

and has a model for both the WEC and the signal to be estimated τex. In the real system, the system’s

input is the total torque and the system’s output, denoted as z, is θ , θ̇ and θ̈ .

For the observer, the input is the known τu and z of the real WEC. It generates from the internal states

an estimation of the excitation torque, τ̂ex, and adds it to τu to get the total torque. It then goes through

the WEC model and ẑ, an estimate of the system’s output, is generated. The error y is multiplied by

the so-called Luenberger gain L and the optimal values (in a least square sense) are passed again to the

respective models. If the parameters of the linear observer are chosen correctly, it is possible to have an

accurate estimation of τ̂ex.

State space representation of the WEC

The WEC model of the linear observer is a state space representation of the physical model defined in eq.

(2.22). To fully model the WEC in the state space representation, a system of 4th order is needed. The

first two dimensions are used to model θ and θ̇ while the other two model the hydrodynamic damping

coefficient Bpa(s). So equation (2.25) is equivalent to a state space of second order, whose matrices are
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given by

AHD =

(
−13.592 −13.348

8 0

)
,

BHD =

(
8

0

)
,

CHD = (4.726 0.504),

DHD = −0.158.

Using these, the state space matrices of the WEC model can be built. The internal states of the WEC

model are included in the vector ûpa, given by

ûpa =


uθ

u
θ̇

uHD,1

uHD,2

 . (2.57)

The first two entries of ûpa correspond to the angular position and velocity. The last two entries repre-

sent the internal states of the hydrodynamic damping. This way, the WEC can be represented through

following equations,

˙̂upa = Apa · ûpa +Bpa · τtot ,

ẑ = Cpa · ûpa +Dpa · ûpa.

Here, τtot stands for the total torque acting on the point absorber and ẑ for the output signals correspond-

ing to measurable quantities. These are the angular displacement, velocity and acceleration. The point

absorber matrices are given by

Apa =
1

Jpa


0 Jpa 0 0

−Kpa −DHD −CHD,1 −CHD,2

0 Jpa ·BHD,1 Jpa ·AHD,11 Jpa ·AHD,12

0 Jpa ·BHD,2 Jpa ·AHD,21 Jpa ·AHD,22

 (2.58)

and

Bpa =
1

Jpa


0

1

0

0

 . (2.59)

The values of Cpa and Dpa depend on the variables that are compared in z and ẑ. If the compared

quantities are θ and θ̇ , then these matrices have the following form:

Cpa =

(
1 0 0 0

0 1 0 0

)
, (2.60)
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Dpa = 0. (2.61)

On the other hand, if the compared quantities are θ , θ̇ and θ̈ , then the matrices become

Cpa =

 1 0 0 0

0 1 0 0

−Kpa −DHD −CHD,1 −CHD,2

 , (2.62)

and

Dpa =
1

Jpa

 0

0

1

 . (2.63)

The linear observer also includes a state space model for the ‘signal’ that represents the excitation

torque. The signal matrices Aex, Bex and Cex depend on the signal model used for τ̂ex. In some way, they

are the defining characteristic of each particular observer used.

Signal models for the linear observer

Analogous to the WEC model, the signal model of τ̂ex is represented as a state space. The first observer

considered here is the integrator-type observer. The signal model for this type of observer is quite simple:

it assumes that the signal has a constant value. The matrices associated with this observer are

Aex =0, (2.64)

Bex =1, (2.65)

Cex =1. (2.66)

The change of the constant value is then achieved by a relatively high amount of noise in the respec-

tive entry of the signal value in the process covariance matrix of the observer (defined later on). Since

it assumes a constant value for τ̂ex, it will always have a certain amount of delay with respect to the

actual τex. This delay can be decreased if the model noise is increased, but too much noise can make the

observer either unstable or very sensitive to model uncertainties in the WEC model.

On the upside, the integrator-type observer is very simple and reliable for a broad range of values of

the signal noise entry of its respective covariance matrix. It can reproduce almost all types of signals, not

only periodic ones.

The second linear observer considered here is the oscillator-type observer. The signal model consists

of a bank of simple harmonic oscillators with frequencies chosen around the range of frequencies most

relevant to the WEC.

The idea of this observer is that it assumes that τ̂ex is periodic and has a sufficiently narrow-banded

spectral distribution in the frequency domain. This distribution can be approximated with a finite amount
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of frequencies that make up the oscillator bank. Each individual oscillator has the signal matrices

Aex,i =

(
0 ωi

−ωi 0

)
, (2.67)

Bex,i =

(
0

1

)
, (2.68)

Cex,i =(0 1). (2.69)

If the oscillator bank consists of n individual oscillators, then the signal matrices become

Aex =


Aex,1 0 . . . 0

0 Aex,2 . . . 0
...

...
. . .

...

0 0 . . . Aex,n

 , (2.70)

Bex =


Bex,1

...

Bex,n

 , (2.71)

Cex =(Cex,1 . . . Cex,n). (2.72)

With the oscillator-type observer, it is possible to obtain an accurate value of τ̂ex without any delay.

Again, this is only possible if the signal is periodic and sufficiently narrow-banded.

With this kind of observer, it is not clear how many oscillators should be used in the bank. If too few

oscillators are used, then the frequency spectrum cannot be properly represented. Should n become too

large, then the tuning of the observer parameters can quickly become cumbersome. A quantitative study

of both types of observers will be done in the next chapter.

State space representation of the observer

If both sets of matrices are known, the observer matrices can be built. These matrices model the system

represented in figure 2.6, that is, that the output of the signal model τ̂ex added to the known τu approx-

imates the unknown τtot that goes into the real WEC. The output is then ẑ that should resemble z if the

WEC and signal models are accurate. The internal states of the observer are summed up in the vector û,

û =

(
ûpa

ûex

)
. (2.73)

The first entry of û corresponds to the internal states of the point absorber, given by eq. (2.57) and ûex

represents τex. The observer matrices are obtained by combining the other matrices in the following way:

Aobs =

(
Apa Bpa ·Cex

0 Aex

)
, (2.74)

Bobs =

(
Bpa

0 ·Bex

)
, (2.75)
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Figure 2.7: Complete control architecture for the SE control. The WEC’s measurements z are fed to the linear
observer along with τu. The output goes to the estimator and then to the velocity control loop to obtain the optimal
control torque.

and

Cobs = (Cpa Dpa ·Cex) . (2.76)

The internal state relevant for the estimated excitation torque is ûex. Hence, to obtain τ̂ex from the linear

observer, following equation has to be applied

τ̂ex(t) = (0 0 0 0 Cex) · û(t). (2.77)

To obtain the appropriate values for the individual states, the Luenberger gain L has to have optimum

entries. This is done by minimising the cost function J given by

J =
∫

∞

0
(eT · e)dt,

where e represents the error done by the linear observer,

e = u− û.

Here, u represents the internal states of the physical WEC.

The minimisation has to be done in dependence of the matrix L. After some calculations [3], it can

be shown that the optimal gain is given by

L = PCT
obsR

−1
L ,

and P is obtained by solving the Riccati equation

AobsP+PAT
obs−PCT

obsR
−1
L CobsP+QL = 0.

Here, QL and RL represent the covariance matrices associated with the process and measurement noise,

respectively. This process is done numerically by the lqr() command in the MATLAB computational

environment.

With the addition of the linear observer, the SE control has now a complete control architecture as

shown in figure 2.7. The control’s input are z, the vector containing θ , θ̇ and θ̈ , and the control torque
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τu. The observer then produces the signal τ̂ex, which is fed to the estimator. The latter, in turn, uses τ̂ex

to obtain 1/H(t) and, when multiplied with τ̂ex, gives the desired θ̇re f . The velocity control loop is then

used to generate the optimal control torque τu. The last one is used to control the WEC’s movement and

is also fed back to the observer to get the estimation of τ̂ex.

This concludes the theoretical background for the physical model of the WEC and the control strate-

gies. Of the considered control strategies, it was chosen to utilise the PI control as it is the state of the

art control strategy used in current commercial WECs. Additionally, the SE control was chosen as well

since it is simple enough to be implemented with current WEC devices and has the advantage of reaching

high levels of energy conversion without the need of signal prediction.

In the following chapter, the PI and SE controls will be used in simulations to compare their energy

output, as well as their robustness regarding uncertainties.



Chapter 3

Implementation of the Control Strategies
in Simulated Experiments

This chapter includes the implementation of the control strategies discussed in the previous chapter on

simulated experiments. The sea states are presented, as well as the method used to estimate the maximal

possible absorbed power. Then, the configuration of the PI and the SE control is presented as well as

the results under ideal conditions. Finally, a study is carried out that takes into account the influence of

model uncertainties, signal noise and signal delay.

3.1 Selected sea states and their available energy

This chapter includes the majority of the simulated results from this work. All the preparatives for

this project and the simulated experiments presented here were carried out in the MATLAB/Simulink

environment.

In this section, the used sea states are presented. In the preparation work, different sea states were

used to compare the performance of the control strategies, but in this chapter only two sea states are

considered. These are the sea states that were also used in the laboratory tests. During these experiments,

not only the wave elevation was measured but also the excitation torque time series. This way, they could

be used directly on the simulations and a comparison could be made between the simulations and the

laboratory experiments. For a full description of the experimental setup and how the time series were

measured, see section 4.1.

The corresponding power spectral density used for both sea states was generated by the software in

AAU. It is a semi-empirical one called JONSWAP spectrum, which was derived from the analysis of

the data collected during the Joint North Sea Wave Observation Project done in 1973 [34] and has the

following form

Sηη(ω) =
1

2π
· 5H2

s Tp

16
·
(

2π

ωTp

)5

exp

(
−5

4

(
2π

ωTp

)4
)
· (1−0.287ln(γ)) · γr. (3.1)

In this equation, Hs represents the significant wave height, Tp the peak spectral period and γ is the peak

29
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Figure 3.1: Power spectral densities of the sea sates used in the experiments. The blue solid line represents
sea state 1 and the green dashed line sea state 2. This figure also contains the values of 1/(2RE{Zi}) for the
corresponding frequencies (red dash-dotted line).

enhancement factor. The exponent r is given by

r = exp

(
− 1

2σ2

(
ωTp

2π
−1
)2
)
,

and

σ =

0.07 if ω ≤ 2π

Tp

0.09 if ω > 2π

Tp
.

The parameters that define the sea state are Hs, Tp and γ . The criteria used for the chosen sea states are

that they have to be different enough while remaining suitable for the physical model of the WEC used.

Furthermore, some restrains regarding the wave generation had to be considered, as explained in section

4.3.

The chosen sea states are summarised in table 3.1 and their power spectral densities are displayed in

figure 3.1. This figure also contains the values of 1/(2RE{Zi}) to show that the selected sea states are

Table 3.1: Sea state parameters used for the simulated experiments.

Parameter Sea state 1 Sea state 2
spectrum JONSWAP JONSWAP
Hs 1.8 cm 2.6 cm
Tp 1.32 s 0.96 s
γ 3.3 3.3
Pmax,theo 230 mW 180 mW

suitable for the WEC model. The spectra are close to the minimum of 1/(2RE{Zi}), which represents the

resonant frequency on the WEC model. Since the sea states lie close to the resonant frequency, they are
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also suitable for the physical model of the WEC. The approximation of Bpa(s) to the real hydrodynamic

damping coefficient is more accurate around the resonant frequency of the WEC model [44]. This means

that the physical model of the WEC will be a good approximation of the real-life WEC model.

The power spectral densities correspond to the wave elevation of the sea states. They are used to

characterise the sea state, but the actual time series used in the simulations are the measured excitation

torques. In the laboratory experiments, both quantities were recorded during the test runs.

Table 3.1 also contains the mean value of the maximal theoretical available power for each sea state,

i. e. the average power that would be absorbed if the reactive control strategy were used. This control

strategy requires the future knowledge of the wave excitation torque and, because of this, cannot be

simulated properly. Thus, another approach has to be adopted.

It is possible to obtain the mean power from the reactive control using the power spectral densities

(PSDs) of the respective τex as follows: given its power spectral density Sτexτex , the PSD of the optimal

angular velocity can be calculated using

S
θ̇opt θ̇opt

(ω) =

 1
2 ·RE{Zi(ω)}

2

·Sτexτex(ω). (3.2)

The PSD of the ideal absorbed power is given by

S
θ̇opt τu

(ω) =−Z∗i (ω) ·S
θ̇opt θ̇opt

(ω). (3.3)

The mean absorbed power is then given by the expectation value of the PSD of the absorbed power

Pmax,theo = E[S
θ̇opt τu

(ω)] =
∫

∞

0
ω ·S

θ̇opt τu
(ω) dω. (3.4)

In this work, Sτexτex was obtained using Welch’s power spectral density estimate [42] function from

MATLAB applied on the excitation torque time series.

Having defined the sea states, the next step is to configure the individual control strategies for maxi-

mum energy extraction.

3.2 Configuration of the control strategies

The control strategies to be tested in the simulations are the PI control and the SE control since one is the

state of the art control strategy on the WaveStar WEC and the other is simple enough to be implemented

with the existing measurement sensors and without the need of predictions. For completeness, the linear

damper control will also be included in this study since it was the utilised control strategy up until

recently and is still used as a comparison value [20].

The configuration of both the PI and the linear damping controls is straightforward. For the chosen

sea states, a parameter scan is made and the optimum values of Bc and Kc, or just Bc in the case of

the linear damper, are found. In this work, optimum values always mean values for maximum energy

conversion.

An example of the parameter study is shown in figure 3.2. Here, a parameter scan for the values of Bc

and Kc of the PI control is done using the sea state 1. It can be seen that the absorbed power (and therefore
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Figure 3.2: Pabs of the PI control as a function of Kc and Bc. Plot corresponds to the absorbed power for sea state
1.

the converted energy) has a clear maximum for a particular configuration of parameters. Similar results

were found for both sea states and also for equivalent studies done with the linear damping control.

The optimal parameters for the studied sea states are shown in table 3.2.

Table 3.2: Optimal parameters for the PI and linear damper control for the tested sea states.

Parameter Sea state 1 Sea state 2
PI control

Bc [kg·m2/(rad·s)] -1.4 -2.2
Kc [kg·m2/(rad·s2)] 55 30
Lin. damp. control

Bc [kg·m2/(rad·s)] -8.6 -4.4

The configuration of the SE control requires more attention and will be discussed in the following

section.

3.2.1 Configuration of the SE control

The configuration of the SE control was done in individual parts, that is, the linear observer, the estimator

and the velocity control loop were individually configured. For the controller to work properly, all three

parts as well as their combination have to be stable.
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Figure 3.3: Control route for finding the optimal configuration of the linear observer.

Linear observer

The first part of the controller to be configured is the linear observer. In this work, both observer types

will be used. The main parameters to be configured, as seen in section 2.4.1, are the correlation matrices

for the process noise and the observation noise. To choose the appropriate value, the excitation torque

is passed to the physical model of the WEC with zero value of the control torque. The WEC motion

signals are passed along with the zero value of τu to the linear observer, which gives an estimate of τ̂ex.

Both signals of the excitation torque are compared and the estimation closest to the real value is chosen.

The control route for testing the linear observer is shown in figure 3.3. After extensive tests, following

correlation matrices were chosen for the integrator-type observer:

QL,I = 10−2×diag(1,1,1,1,108), (3.5)

RL,I = 10−2×diag(1,1). (3.6)

The structure of these matrices is as follows: for QL, the first four entries correspond to the process

noise associated with the WEC model, represented by ûpa (see section 2.4.1 for a full description of the

observer). The remaining entries (in the case of the integrator type observer, only one) stand for the

process noise associated with ûex.

For RL, the entries correspond to the observation noise of θ , θ̇ and, if need be, θ̈ should there be

three entries.

It should be noted that the process noise for ûex is considerably higher than the process noise for ûpa.

This comes from the fact that, as a first approach, an ideal situation is considered. This means that the

WEC model of the linear observer and the physical WEC model match perfectly. Additionally, no signal

noises or delays are included. Figure 3.4 shows the signals of τex and τ̂ex for this configuration. It can be

seen that the integrator-type observer (green dash-dotted line) reproduces τex (blue dashed line) almost

exactly, with only a very slight delay (see right plot).

Also in this figure, there is the signal of τ̂ex from the oscillator-type observer (red solid line). The es-

timated value follows the actual value closely, but at some points it differs to some extent. This probably

comes from the fact that a finite amount of oscillators were used. The oscillator-type observer chosen for
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Figure 3.4: Left: Comparison of measured and observed values of the excitation torque in sea state 1. Blue
dashed line is τex, green dash-dotted line is τ̂ex from the integrator-type observer and the red solid line is τ̂ex from
the oscillator-type observer. Right: Zoom on the measured and observed excitation torques.

these experiments consists of a bank of seven individual oscillators, with following frequencies:

f1 = 0.625 Hz,

f2 = 0.667 Hz,

f3 = 0.714 Hz,

f4 = 0.769 Hz,

f5 = 0.833 Hz,

f6 = 0.909 Hz,

f7 = 1 Hz.

When seen along with figure 3.1, it becomes clear that the frequency range of the oscillators covers the

frequency range of sea state 1 quite well. For sea state 2, the coverage is not that good. Nevertheless,

experiments both simulated and in the laboratory (see next chapter) have shown that this selection of

oscillators performed satisfactory for both sea states.

With seven individual harmonic oscillators, ûex has 14 individual states, so the dimension of QL is

18. Furthermore, this observer uses the measurement of θ , θ̇ and θ̈ as input for the system. After testing

several configurations of the covariance matrices, following were the chosen optimum values:

QL,O = I18,

RL,O = 10−6×diag(1,103,105),

Here, I18 denotes the identity matrix in R18.

These configurations reflect the ideal conditions, but it will very likely not be case in the real system.

Therefore, it is convenient to study the observers under other configurations. If, for example, there is a

large signal noise on the observer inputs, the respective entries of RL have to be changed. A possible



Chapter 3. Implementation of the Control Strategies in Simulated Experiments 35

−100

−80

−60

−40

−20

0

M
ag

ni
tu

de
 (d

B)

10−2 10−1 100 101 102 103
−180

−135

−90

−45

0

Ph
as

e 
(d

eg
)

Frequency  (Hz)

Figure 3.5: Bode diagrams for different configurations of the integrator-type observer. The blue solid line is the
bode diagram for the optimal configuration. The green dashed line represents the bode diagram of a configuration
in which more measurement noise is assumed.

way to analyse the behaviour of the linear observer due to changes in the parameters is to use the control

route shown in figure 3.3. For this route, it is possible to build the transfer function from τex to τ̂ex. This

is done for the integrator-type observer in figure 3.5. The blue solid line, represents the bode diagram

of the used configuration. It can be seen that the gain is 0 dB for frequencies up to 10 Hz. The phase

shift reaches about −6◦ for 1 Hz and about −12◦ for 2 Hz, which is a frequency in the upper limit of

the spectra of the sea states. So, no considerable phase shift is introduced by this configuration and the

transfer function is roughly 1.

The green dashed line represents the bode diagram of a configuration that puts less weight on the

measurement accuracy and has a more conservative value for the signal noise. Here, the values of the

matrices are QL,I = 1× diag(1,1,1,1,106) and RL,I = 1× diag(1,10). This configuration would help

reduce possible noises coming from the sensors. The result is that the phase shift increases considerably

in the working frequency range of the WEC. For 1 Hz, the frequency shift is already −30◦ and for 2

Hz it even reaches −70◦. This means that with this type of observer, reducing the input noise via the

correlation matrices induces an undesired delay in τ̂ex.

An equivalent study for the oscillator-type observer is shown in figure 3.6. Here, the blue solid line

represents the bode diagram of the optimal configuration. It can be seen that this type of observer works

well in the frequencies of its individual oscillators since, there, the gain and the phase shift are 0 dB and

0◦, respectively. Furthermore, because of the continuity of the transfer function, this behaviour is also

obtained for the frequencies between the individual frequencies. Beyond that range, this behaviour is lost

and, for example at 2 Hz, the gain and the phase shift are -3 dB and −50◦, respectively. This underlines

the importance of using an appropriate oscillator bank for the frequency range in question.

The green dashed line in figure 3.6 represents the bode diagram of the transfer function using a con-
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Figure 3.6: Bode diagrams for different configurations of the oscillator-type observer. The blue solid line is the
bode diagram for the optimal configuration. The green dashed line represents the bode diagram of a configuration
in which more measurement noise is assumed.

figuration where the measurement values are less trusted. This is reflected in the choice of the covariance

matrices: QL,O = I18 and RL,O = 10−4×diag(1,103,105). In the range of the individual frequencies of

the bank, the behaviour is very similar to the optimal configuration, except for a more extreme variation

of the gain and phase shift between the individual frequencies. Outside that range, the transfer function

deviates considerably from the ideal transfer function. This behaviour is much more drastic than with

the optimal configuration since for small frequencies, the transfer functions do not coincide anymore.

After this study, it was opted to choose the integrator-type observer for the simulation tests. It man-

aged to estimate the excitation torque quite accurately and could be tuned to allow some noise in the

measurements. However, this feature would induce some delay in τ̂ex and therefore had to be used

conservatively. The oscillator-type observer managed to reproduce the excitation torque quite well, but

showed certain sensitivity towards the choice of the correlation matrices. It was decided to leave it as a

possible second choice.

Estimator

The next part of the SE control to be configured is the estimator. With the physical WEC model, the

lookup table with the values of 1/(2 ·RE{Zi}) is straightforward to obtain. A plot of the values is shown

with the red dash-dotted line in figure 3.1.
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Figure 3.7: Estimated amplitude Â (top: red dashed line) and frequency ω̂ (bottom) of τex using the EKF. The top
plot also contains the actual signal of τex (blue solid line) for comparison.

The estimator has following values for the correlation matrices

QK = 1×diag(1,1,10−2),

RK = 10−1.

Analogous to the linear observer, these matrices are built as follows: QK has in its entries the process

noise associated with ψ , ψ ′ and ω , respectively (see section 2.4). RK has only one entry, and it is

associated with the observation noise for τ̂ex.

Because it is a non-linear estimator, the optimum performance is also dependent on appropriate initial

conditions. Considering the frequency range of the sea states (fig. 3.1), the initial conditions are set to

x̂0|0 =

 1

1

5

 ,

P0|0 =I3.

Here, I3 denotes the identity matrix in R3.

A working example of the estimator is shown in figure 3.7. Here, the estimated amplitude Â and

angular frequency ω̂ are shown for τex of sea state 1. As a comparison, the torque is also plotted. It can

be appreciated on the top plot of the figure that the approximation of τex using the EKF is very good. Â(t)

forms an enveloping line around τex(t) that follows the instants of maximum amplitude in a satisfactory

way.



Chapter 3. Implementation of the Control Strategies in Simulated Experiments 38

80 85 90 95 100 105 110 115 120
0.2

0.25

0.3

0.35

0.4

0.45

0.5

1/
H

 [r
ad

/(s
* N

m
]

time [s]

Figure 3.8: 1/H(t) from the estimator, determined by ω̂(t) from the EKF and the lookup table.

Figure 3.8 shows the optimal multiplication factor 1/H(t) that is obtained using the lookup table.

It has small temporal oscillations, but has a clear mean value around 0.4 rad/(s·Nm). This fact will be

further discussed in the next section.

Velocity control loop

The last part of the SE control to be configured is the velocity control loop. The only relevant parameter

here is the value of Cgain. The higher the value of Cgain is, the closer θ̇ follows θ̇re f . There is a limit for

the stability of the control loop, which is easiest found by empirical trials. When the stability limit of the

control loop is found, the working gain is chosen to be at about 60 to 80% of that limit value [43]. The

optimum value found for the configuration of the velocity control loop is Cgain =−200 kg·m2/(s·rad).

Figure 3.9 shows the bode diagram of the transfer function from θ̇re f to θ̇ . The blue solid line

represents the transfer function for the optimal value of Cgain. It can be appreciated that in the frequency-

range of interest, the gain is 0 dB and the phase shift is almost 0◦, which corresponds to the desired

transfer function 1. When the value of Cgain is lowered, then the region where the gain of the transfer

function is 0 dB decreases. This can be seen with the green dashed and the red dash-dotted lines in figure

3.9. An interesting feature of this transfer function is that, as Cgain is decreased, there is a positive phase

shift for frequencies smaller than 1 Hz. This feature can be used to artificially cancel out a negative phase

shift induced elsewhere in the control strategy.

Once the individual parts of the SE control are tested, a final test is done to ensure the stability of the

whole control strategy. This is necessary since a further feedback is introduced when the control torque

is connected to the observer, as shown in figure 2.7. This test showed that the control strategy ran stable

for the selected configuration.
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Figure 3.9: Bode diagram of the transfer function from θ̇re f to θ̇ for three different values of Cgain. The blue solid
line is for Cgain = -200 kg·m2/(s·rad), the optimum value. The green dashed line is for Cgain = -30 kg·m2/(s·rad)
and the red dash-dotted line is for Cgain = -10 kg·m2/(s·rad).

Having configured the control strategies, the results from the simulated experiments will now be

present.

3.3 Results from the simulated experiments

In this section, the results of the three mentioned strategies are presented, that is, the SE-, the PI- and the

linear damper controls. As a first approach, the ideal case is presented. In this case, the control model of

the WEC and the physical WEC model are identical. Furthermore, there is no signal noise and no signal

delay. Because the integrator-type observer is able to reproduce τex more accurately, it is used throughout

the simulations. The results for both sea states are presented in table 3.3.

Table 3.3: Mean absorbed power for the different control strategies under ideal conditions.

Control strategy Pabs for sea state 1 [mW] Pabs for sea state 2 [mW]
Lin. damp. 43 88
PI 153 132
SE 187 166
Reactive 230 180

It can be appreciated that with the SE control, considerably more energy can be converted than with

the PI control. Expressed in percentages, the PI manages to absorb 67% and 73% of the maximum

possible power for the respective sea state. The maximum available power is, as explained in section

2.2.1, the power absorbed using the reactive control strategy. The SE control, on the other hand, absorbs
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81% and 92% of the maximum possible power.

The linear damper control lies clearly below the PI control, but it can be seen that in the case of sea

state 2, the difference between their respective Pabs is smaller. This is due to the fact that Tp of sea state

2 lies closer to the resonant frequency of the WEC.

If one considers the value of 1/(2 ·RE{Zi}) in figure 3.1, it can be noted that it is nearly constant for

a wide range of frequencies. Therefore, it can be approximated by a constant value for a particular sea

state. This feature can be used to make an alternative version of the SE control.

If this constant value is multiplied with τex, a suboptimal value of θ̇re f is generated. The EKF can

estimate the instant frequency and, if enough data are captured, the Tp of the current sea state can be

calculated. The value of Tp is then used to determine the constant value for 1/H.

The benefit of this version becomes clear if one considers figure 3.8. The original SE control de-

mands that the value of 1/H(t) changes quite quickly during certain periods. This could lead to stability

problems when real PTO devices are used. With the alternative strategy, the value changes much slower

and the PTO device can adapt better to the changes.

This strategy was also implemented in both sea states, delivering practically the same results as the

original SE control. Since problems with real PTO devices are not present in the simulations, the original

SE control was implemented to produce all results in this chapter.

Robustness study

The SE control absorbs about 20 - 25% more power than the PI control, but this is under ideal conditions.

In the remainder of the section, a series of uncertainties will be introduced to study the robustness of both

control strategies.

The first uncertainty included in the simulations is the signal noise. In real life experiments, the

measured signals always have some kind of noise. The simulated experiments model this measurement

noise with a uniform distributed white noise source that adds to the measured signals: θ , θ̇ and θ̈ .

Furthermore, a signal delay is included. There is a certain delay that represents the time in which the

controller is able to measure and process the input signals. Therefore, a constant delay was introduced

between the output of the WEC and the input of the control strategy. Besides, following transfer function

was introduced at the output of the controller

G(s) =
9.87 ·104

s2 +628.3s+9.87 ·104 . (3.7)

This transfer function simulates the fact that the PTO device can only adjust the value of τu at a certain

speed. It was obtained from a model identification of the PTO device in Aalborg University.

Finally, the model uncertainties are also included. It is clear that the physical model of the WEC can

only model a real WEC up to a certain degree. To account for this, the term of Kpa was changed between

the physical model and the control model.

A block schematic of the introduced uncertainties is shown in figure 3.10. In this figure, a red block

represents a source of uncertainty. Both the signal noise and the delay are included in the signal that goes

to the control strategy. The strategy itself can also be a source of uncertainty due to the control model of

the WEC (in the linear observer). Finally, the transfer function of the PTO device also brings a delay to

the control torque.
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Figure 3.10: Block schematic of the uncertainties included. Red blocks represent sources of uncertainty.

Figure 3.11 shows the robustness of the SE and the PI control when varying each of the three uncer-

tainties mentioned earlier. All test were carried out using the time series of sea state 2. The coordinate

always shows the normed Pabs, that is, Pabs/Pmax,theo. The ordinate varies for each plot since it represents

the robustness-parameter that was changed.

In the top plot, the noise level was increased. It is defined as the relation between the amplitudes

of the uniform white noise and the mean amplitude of θ̇(t). 0% means that no noise is included, so the

values of Pabs are the same ones as shown in table 3.3. As the noise level is increased, the absorbed

power of the SE control starts to decrease until 3.5% of the noise level, where the stability limit of the

controller is reached. After that, the control strategy becomes unstable. The robustness test for the noise

level was done with the optimal covariance matrices of the observer, not the ones tuned for signal noise.

The output of the PI controller, on the other hand, remains roughly constant with only a slight decrease

for an up to 5% noise level.

The centre plot of figure 3.11 shows a similar analysis but for the signal delay. It can be seen that, as

the signal delay is increased, the normed absorbed power of the SE control decreases. Up to 20 ms, it is

still larger than the absorbed power of the PI control. If the delay is further increased, the output drops

below that of the PI control and eventually the SE control becomes unstable with a signal delay of 30

ms. Again, the PI control showed a robust behaviour towards the increase of the delay. It is important to

note that in this study, the value of Cgain was decreased to -50 Nm·s/rad. Otherwise, the instability occurs

with much less delay. With the change of this control parameter, the decrease of the absorbed power is

barely noticeable.

In the bottom plot, the value of Kpa in the physical model of the WEC was changed between 0.7

and 1.3 of the value used in the control model. It can be appreciated that the maximum output of the

SE control occurs when both values are the same. It is for values greater than Kpa that the power output

decreases significantly. Since the PI control does not use a model of the WEC, its absorbed power

remains constant.

With a real WEC there will be a combination of the presented uncertainties. In this study, this

situation is also considered to see if the superposition of these has additional effects on the stability

or output of the strategies. Table 3.4 shows two combinations of uncertainties as well as the absorbed

power for each combination. In each of the individual uncertainty scenarios, the SE control absorbed

more power than the PI control. When the uncertainties are combined, they ‘add up’ and the result is
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Figure 3.11: Robustness study for the PI and the SE control. The relative absorbed power is plotted against the
noise level (top), the signal delay (centre) and the model uncertainty (bottom).

Table 3.4: Normed absorbed power for the PI and the SE control strategies under a combination of uncertainties.

Uncertainties Pabs/Pmax,theo for PI contol Pabs/Pmax,theo for SE contol
2% signal noise,
10 ms delay,
-10% ∆Kpa 0.733 0.694
3% signal noise,
20 ms delay,
-20% ∆Kpa 0.73 0.619
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that the SE control performs more poorly than the PI control. This effect is increased if the individual

uncertainties are increased as well.

This preliminary study shows the effect of uncertainties on both controllers. Even when the SE

control manages to absorb considerably more power than the PI control under ideal conditions, the

difference is significantly decreased if certain uncertainties in the control strategy are introduced. The PI

control absorbs less energy under ideal conditions, but is very robust towards the presented uncertainties.

Therefore, the performance of the strategies is strongly dependent on the accuracy of the model and the

measurements.

In order to study the actual performance of both control strategies and see the impact of the uncer-

tainties, experiments on a real life model have to be done. This is presented in the next chapter of this

work.



Chapter 4

Practical Implementation of the Control
Strategies on a Laboratory Model

In this chapter, the results from the previous chapters are applied on a real-life, scaled-down model of

a point absorber WEC. The applied controls are the linear damper, the PI and the SE control. The

experimental setup as well as the conducted experiments are outlined. The results are presented and a

small discussion regarding discrepancies between the simulated and measured results is made.

4.1 Experimental setup

The experimental work was carried out in the shallow water basin of Aalborg University (AAU), located

at Aalborg, Denmark. Since there is a close collaboration between the Wavestar company and AAU,

the University has a series of laboratory models of the wave energy device that behave very similarly to

the existing prototype. They are scaled down in a ratio of 1:20. Within the framework of the MARINET

project, it was possible to test the control strategies directly on one of those laboratory models so that the

results would be comparable to those of the upscaled system.

Figure 4.1 shows the experimental setup at the basin at AAU. It can be divided into four parts:

The wave generation (a), the wave elevation measurement (b), the point-absorber model (c) and the

wave termination (d). For each of the experiments carried out, the procedure was the same. At first,

an appropriate sea state is selected and generated with the wave generator. The incoming waves are

measured before they arrive at the point-absorber model, where the wave energy conversion takes place

and the relevant signals are recorded. Finally, the waves arrive at the beach, where they scatter and an

effective wave termination takes place. In the following, each of the parts is described in more detail.

4.1.1 Wave generation and wave elevation measurement

The wave generation system used in this experiment was specially designed and built by the AAU to work

at the shallow water basin (see [1]). The basin is 12 m long, 17.8 m wide and 1 m deep. This allows a

water depth of 50 cm, which was the chosen water depth for all the experiments that were carried out.

The waves are generated by a series of 25 hydraulic paddles that move in horizontal direction. These

are shown in figure 4.2, point (a). The paddle system is controlled by the wave generation software

Awasys, which was developed by the laboratory. With this software, a series of sea states can easily be

44
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(a)

(b)
(c)

(d)

Figure 4.1: General view of the experimental setup used at AAU. The waves are generated by the wave generation
system (a) and the wave elevation is measured by a series of wave gauges (b). The waves then reach the point-
absorber WEC model, where the wave energy absorption takes place (c). Finally, they reach the beach where the
termination takes place by a scattering process (d).

(a)

(b)

Figure 4.2: Detailed view of the hydraulic wave paddles (a) and the wave gauges (b) at the shallow water basin
of AAU.
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generated. The system can generate regular waves for system analysis or irregular sea states with the

Pierson-Moskowitz or JONSWAP spectrum, which are the ones of main interest in this work. The range

of wave heights that can be produced goes from 1 cm to 5 cm and the frequency of the generated waves

can range between 0.5 Hz and 2 Hz.

The software also has a function that records the time series of the paddle movement so that the

generated sea states can be reproduced. This proves to be an essential feature when it comes down to

comparing the different control strategies. In order to compare two different experiments which use the

same sea state, the software sends a trigger signal when the wave generation starts. This is used to align

the signals of both experiments so that a proper comparison can be made.

Although the wave generation system is able to generate bidirectional waves, the sea states used

during the experiments were always with waves in one direction. Even so, the width of the wave basin

was indirectly used since it allows a more realistic open sea environment. The radiated waves from the

WEC travel a certain distance to the limits of the basin, where they are scattered by the beach. This way,

the interference of the radiated waves is kept to a minimum during the experiments.

Even though the wave generation software is quite accurate, the generated sea state does not coincide

exactly with the one introduced in the software. The Hs or the Tp are slightly different. It is therefore

necessary to measure the wave elevation so that the sea state can be determined with precision. This is

done with a series of wave gauges, shown in part (b) of figure 4.2.

The wave gauges also have another use. Since they are always in a fixed position, they are very

useful to determine if the signals of two different experiments are comparable. If it is necessary to check

if a signal is delayed when compared to an equivalent signal from another test run, the comparison of

the wave gauges time series is a useful way to be sure if the delay comes from the WEC itself or if it is

caused by a slightly different generated sea state.

The calibration of the wave gauges as well as the other relevant measurement devices used in the

experiments are presented in the appendix.

4.1.2 Point absorber model and wave termination

The point absorber model consists of a float, a lever arm and a linear generator that acts as a power

take-off system. An image of the float and the lever arm of the point absorber is shown in figure 4.3

The floater is a hemisphere with slightly enlarged side walls and a flat top. Its diameter is 25.4 cm

and it is firmly attached to the lever arm. The length of the lever arm is 68 cm and is held by two bearings

located at 48 cm when measured from the floater-arm joint.

On the base of the arm, a triaxial accelerometer is attached. It measures the linear acceleration in all

directions, from which only the vertical component is of interest for this work. The model and brand of

the accelerometer and of the other main components used in the laboratory are summarised in table 4.1.

The upper part of the point absorber consists of the power take-off system and a position measuring

system. It is shown in figure 4.4. The power take-off system is a linear generator based on the electro-

magnetic principle. The generator is force-controlled, which means that it acts in such a way that the

linear measured force concedes with the linear reference force. This is done with an internal PI con-

troller. The actual force is measured with a load cell, which is attached between the generator arm and

the lever arm (see (c) in figure 4.4).
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3

(a)

(b)

Figure 4.3: Detailed view of the floater (a) and the lever arm of the point absorber WEC. An accelerometer (b) is
also installed to measure the linear acceleration of the floater.

Table 4.1: Models and brands for the main components of the experimental setup.

Component Model Brand
Accelerometer ASC 5631 ASC

Linear generator PS01-37X24OF-C Linmot

Load cell LSB 302 Futek

Position laser opto NCDT MICRO-EPSILON

Data acquisition PCH 6221 National Instruments

4

(a)

(b)

(c)

Figure 4.4: Image of the power take-off system (a) and (c), and the position measuring system (b) of the point
absorber WEC.
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A major quantity in the WEC is the position of the floater which, at least in the control model of

the WEC, defines the physical system. The position is measured by a laser beam, which reflects on a

metal surface perpendicular to the generator arm (see (b) in figure 4.4). An additional pair of bearings

are attached to the upper part of the point absorber so that the linear motion of the motor is converted to

a circular one at the lever arm and the force is always applied perpendicularly.

The data acquisition is done with a data logger installed in the control computer. The measured sig-

nals are the position and the acceleration of the floater as well as the power take-off force obtained from

the load cell. These signals are passed to the control computer where the real-time software environment

xPC Target applies the data preparation, the control strategy and the data logging.

For the data preparation, the control computer applies the calibration functions and converts the linear

quantities into angular ones (see the appendix for a description). For both θ and θ̈ , a high pass filter is

applied to filter out unwanted offsets. θ is also passed by a low pass filter to eliminate high frequency

measurement noise. The angular velocity θ̇ is calculated numerically from θ , and all three quantities are

passed to the control block in the computer. The desired control is implemented and the relevant control

variable, namely the reference torque τu, is calculated and passed to the generator. Finally, the control

computer passes all quantities of interest to the data logger, which saves them and passes them to the

host computer after the experiments conclude.

Since the real time software environment is xPC Target, it is possible to utilise the same control

models used in the simulated experiments (which ran on Simulink) and this enables a direct comparison

between the simulated and the measured/calculated data.

Finally, the experiment is set up so that the waves reach the beach and scatter. This way, they will

not interfere with the incoming waves. The beach is made from small rocks that are either arranged like

a ramp (this is for the opposite side to the wave generator), or like a vertical wall (this is the case of the

side walls of the basin). Figure 4.1 gives an idea of the configuration of the beach lines.

4.2 Configuration of the controllers

Before the comparison between the control strategies can be made, the individual components have to be

tuned for optimal functionality in the real system. This is specially the case for the SE controller since it

can quickly become unstable if the individual components are not properly set up. The order presented

here is also the chronological order in which the tests took place.

Since the SE controller uses a physical model of the point absorber, a thorough system analysis has

to be made in order to obtain the proper values for the design parameters of the laboratory model. As

described in section 2.1, the most important ones are the moment of inertia including the hydrodynamic

added mass, denoted as Jpa, the hydrostatic coefficient Kpa and the hydrodynamic damping coefficient

Bpa(s), the last one being dependent of the frequency of the actual wave. This analysis is both funda-

mental and time consuming. Because of the limited time frame in which the experiments took place, it

was decided to use the same design parameters as obtained in [44] since the same laboratory model was

used in the experimental work therein.

In the laboratory experiments, there are two different values of τu. The first one is the control torque

signal that is coming from the control strategy, which is denoted as the reference torque. The second one
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is the control torque measured by the load cell, which is denoted as the measured torque. Ideally, both

quantities should be identical. This is not the case in these tests since the linear generator can only follow

the reference value up to a certain extent. The input used for the control strategy is always the measured

torque because it reflects more accurately the dynamics that occur due to the PTO system.

4.2.1 Tests with the integrator-type observer

The first part of the SE controller to be tested is the linear observer since it is of central importance for

the whole control strategy to have a reliable value for τ̂ex.

For that purpose, a series of tests were carried out. For several sea states with monochromatic waves

in different frequencies, the point absorber was held in the equilibrium position with a special equipment

and τex was measured in the load cell. Since the generator is turned off and the floater is restrained from

moving, the only force acting on the system is precisely τex. In this configuration, the excitation torque

was measured for monochromatic sea states with frequencies between 0.5 Hz and 1 Hz. After that, the

same sea states were used with a new system configuration in which the point absorber was free to move

and the reference τu was set to 0. This time, the signals of θ and θ̇ were recorded. These time series

were then implemented offline to see if the observer could reproduce τex with the information of θ and

θ̇ .

During these tests and the following experiments, the wave gauges measured the wave height for

each run. The sea states where reproducible within a margin of 20 ms signal time shift. It was therefore

decided that the delay from the control strategy was acceptable when it was around this value.

As a starting point, the original configuration of the integrator, also used in the simulations, was used.

The covariance matrices for the process and observation noises are

QL,I1 = 10−2×diag(1,1,1,1,108)

RL,I1 = 10−2×diag(1,1).

Figure 4.5 exemplifies the results for this configuration for a sea state with 1 Hz. It can clearly be seen

that the observed τex (top graph) is very noisy compared to the measured one. This comes from the fact

that θ̇ (bottom right graph) is calculated numerically and the inaccuracies are propagated in the observing

process. It can also be seen that the observed signal is delayed when compared to the measured one. A

correlation analysis shows that the delay is about 90 ms. If this signal was to be passed to the estimator

or the underlying control loop, the noise would probably cause the system to become unstable or, in the

best case, give poor value for the reference torque.

The noise from the velocity signal can be addressed in the observer if the corresponding covariance

matrices are modified. This is done in the second configuration of the observer, so that the covariance

matrices become

QL,I2 = 1×diag(1,1,1,1,106)

RL,I2 = 1×diag(1,10).

The result is shown in figure 4.6. It can be appreciated that the angular velocity from the observer has
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Figure 4.5: Measured (dashed blue) and observed (solid green) signals for the integrator-type observer with
configuration 1 using a monochromatic sea state with 1 Hz frequency. τex on the top, θ on the bottom left and θ̇

on the bottom right.

notably less noise than the original measured one (bottom right). This effect is also seen in the form of

the observed τex. It is much more similar to the measured one. What is also noticeable is that the delay

of the observed torque increased when compared to the measured one. A correlation analysis reveals that

the delay increased to 160 ms.

It seems that when the observer is used to filter out the noise in the θ̇ signal, the delay of the observed

signal increases. This behaviour is found to be generic in all the tested sea states. A possible explanation

can be found if one recalls the transfer function from τex to τ̂ex shown in figure 3.5. This figure shows

the effect of changing the values of the covariance matrices. In the original configuration (solid blue

line), the phase shift of τ̂ex is about −6◦, which corresponds to 17 ms. In the modified configuration,

which corresponds to the one used in these experiments (dashed green line), the phase shift is about

−30◦, which corresponds to 83 ms. In both cases, the magnitude of the transfer function is 0 dB for the

frequency range of interest.

This is not observed in the experiments since the amplitude of τ̂ex is clearly lager than the measured

one. The reason for this could lie in the fact that the linear observer observes all torques that are not

specifically modelled in the system. For example, friction is not considered in the linear system and the

different amplitudes could be due to friction processes.

This analysis explains qualitatively the fact that the delay of the observed signal is increased when

the signal noise of θ̇ in the linear observer is decreased. This result also shows that even when the

integrator-type observer is able to handle signal noise to some extent, it is not adequate for estimating τex

in this setup. It cannot deal with the existing signal noise while keeping the delay sufficiently small. It
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Figure 4.6: Measured (dashed blue) and observed (solid green) signals for the integrator-type observer with
configuration 2 using a monochromatic sea state with 1 Hz frequency. τex on the top, θ on the bottom left and θ̇

on the bottom right.

is clear that in a real system there will always be some delay and noise but the values obtained with this

type of observer are too high for the SE control to work properly. It is because of this that the observer

type has to be changed.

It should be noted that this approach uses the physical model of the point absorber and not the real

one. It is because of this that the previous results explain only the qualitative behaviour of the system;

the quantitative values of the delay can only be obtained by experiments.

4.2.2 Tests with the oscillator-type observer

The other linear observer considered in this work is the oscillator-type observer. As explained in section

2.4.1, it consists of a bank of oscillators with fixed frequencies chosen to be around the most common

frequencies of the studied sea states. The observer has seven individual oscillators with following fre-

quencies
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f1 = 0.625 Hz

f2 = 0.667 Hz

f3 = 0.714 Hz

f4 = 0.769 Hz

f5 = 0.833 Hz

f6 = 0.909 Hz

f7 = 1 Hz.

As can be seen in figure 3.6, the phase shift and gain for the individual frequencies are 0◦ and 0 dB,

respectively. This means that the transfer function from τex to τ̂ex should be 1 for waves with those

exact frequencies. Furthermore, since the transfer function has to be continuous, this result should be

approximately true for the frequencies around those individual frequencies.

As with the integrator-type observer, a series of tests using monochromatic waves were done to

evaluate the performance of the oscillator-type observer. Figure 4.7 exemplifies the results for these

tests, where the frequency of the regular sea state is 0.667 Hz. The covariance matrices for this linear

observer are the ones used in the simulations. They remained constant during the laboratory experiments

and are

QL,O = I18,

RL,O = 10−6×diag(1,103,105),

where I18 denotes the identity matrix in R18.

With this linear observer, θ̈ was also used as a measured quantity. It has been left out in figure 4.7 for

a clearer comparison with the results from the previous section. As can be seen in this figure, this linear

observer is quite capable of reproducing the measured τex. It only slightly overestimates the amplitude of

the signal and a correlation analysis shows a delay of 15 ms. The problem of noise in the velocity signal

is also addressed with this configuration of the covariance matrices, as can be seen in the bottom right

plot of figure 4.7. Even when the measured value of θ̇ is quite noisy, the observer manages to smooth

out the noise while keeping the delay to a minimum. This result was somewhat to be expected since the

frequency of the tested sea state coincides with the frequency of one of the oscillators in the bank. The

form of the observed τex does not match the form of the measured one. It could come from the fact that

neither θ nor θ̇ have a smooth sinusoidal form. This is due to the friction of the system and shall be

addressed later.

The performance of the linear observer was further tested using an irregular sea state. Figure 4.8

shows the relevant signals for this sea state, which has a JONSWAP spectrum with Hs = 1.6 cm, Tp =

1.37 s and γ = 3.3. Again, it can be seen that the oscillator-type observer reproduces τex with only small

variations in the amplitude and a delay of 28 ms. These results lie close enough to the reproducibility

tolerance of the sea states and are therefore considered sufficient for the purpose of this work. Hence, for

all further experiments, the configuration of the linear observer was not changed.



Chapter 4. Practical Implementation of the Control Strategies on a Laboratory Model 53

40 41 42 43 44 45 46 47 48
−5

0

5

time [s]

to
rq

ue
 [N

m
]

τex

 

 
Measured Data
Observer Data

40 41 42 43

−0.05

0

0.05

θ

an
gl

e 
[ra

d]

time [s]
40 41 42 43

−0.4

−0.2

0

0.2

0.4
angular velocity

an
g.

 v
el

. [
ra

d/
s]

time [s]

Figure 4.7: Measured (dashed blue) and observed (solid green) signals for the oscillator-type observer using a
monochromatic sea state with 0.667 Hz frequency. τex on the top, θ on the bottom left and θ̇ on the bottom right.
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Figure 4.8: Measured (dashed blue) and observed (solid green) signals for the oscillator-type observer using an
irregular sea state with Hs = 1.6 cm, Tp = 1.37 s and γ = 3.3. τex on the top, θ on the bottom left and θ̇ on the
bottom right.
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It should be noted that in the point absorber system in the wave tank, there was quite a large amount of

friction. This can be seen in the zero crossings of θ̇ in figure 4.7. When the floater reaches a maximum or

minimum in the position, the system seems to be much harder to move. The velocity tends to remain zero

until the wave elevation changes enough for the motion to begin again. Furthermore, this phenomenon

seems to be amplitude- and possibly also frequency dependent since in figure 4.6 the same system is

moved with a higher amplitude and frequency, and the friction is barely appreciable. This observation is

further corroborated in figure 4.8. Here, in some zero crossings of θ̇ there is a lag, while in others, which

have another ‘effective amplitude and frequency’, there is none.

Due to the short time window in which these experiments took place, it was decided not to address

this problem. The linear observer was able to reproduce τex quite well even if it did not model this highly

non-linear phenomenon.

4.2.3 Velocity control loop and estimator

Another important component of the controller is the velocity control loop since it regulates θ̇ to follow

θ̇re f . As explained in section 2.4, the chosen velocity control loop is a P controller. While configur-

ing the simulated system (see section 3.2.1), it was found that the region of stability of the loop was

around Cgain =−200 kg·m2/(s·rad). This had to be tested out in the real system since effects like model

uncertainties and delays could not be properly taken into account a priori in the simulations.

To test the stability of the velocity control loop, a sinusoidal θ̇re f is given to the system and the

actual θ̇ is made to follow the reference velocity through the P controller. The value of Cgain is gradu-

ally increased until the system becomes unstable. This occurred generically at a value of Cgain ≈ −50

kg·m2/(s·rad) for several frequencies of θ̇re f . It was decided to set the value of Cgain at -30 kg·m2/(s·rad).

In addition to making θ̇ follow θ̇re f , the velocity control has another quality: it can bring a positive

phase shift between the two signals. Figure 3.9 shows the bode diagram of the transfer function from

θ̇re f to θ̇ using the simulation model. It includes the diagram for three different configurations of the

control loop: Cgain =−200 kg·m2/(s·rad) (blue solid line), Cgain =−30 kg·m2/(s·rad) (green dashed line)

and Cgain =−10 kg·m2/(s·rad) (red dash-dotted line). Around the resonant frequencies of the system, the

gain is constant and close to 0 dB in all configurations. The phase shift, on the other hand, varies strongly.

It is positive for frequencies below the resonant frequency and negative in the other case. This quality

has the effect of making θ̇ precede θ̇re f for sea states with frequencies below the resonant frequency

of the system. This was exactly the range of frequencies the wave generator could produce and was

qualitatively verified during the experiments. Since it is more acute for smaller values of Cgain, it can be

used as an additional parameter to compensate certain delays in the control algorithm.

The final component to tune is the estimator. It was tested with the same irregular sea state used for

the linear observer, namely, a sea state with a JONSWAP spectrum with Hs = 1.6 cm, Tp = 1.37s and γ =

3.3.

During this test, the estimator was given the measured τex so that it could determine the appropriate

1/H(t). Since the aim was to test this particular element of the controller, the estimator ran parallel to

the system. In other words, it did not intervene with the control strategy. The setup for the covariance
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Figure 4.9: 1/H as a function of time for an irregular sea state with Hs = 1.6 cm, Tp = 1.37 s and γ = 3.3. It is
determined online with the estimator. The blue dashed line represents the simulated values and the green solid line
represent the values obtained in the experiments.

matrices and initial conditions in the test was the same as in the simulation, that is

QK = 1×diag(1,1,10−2),

RK = 10−1,

and

x̂0|0 =

 1

1

5

 ,

P0|0 =I3.

The estimator ran stable during the test and performed almost identical to the simulation, as can be

seen in figure 4.9. This figure shows that the estimator successfully identifies the instantaneous angular

frequency and determines the appropriate multiplication factor, based on the internal impedance of the

physical model of the point absorber.

Nevertheless, preliminary tests showed that the range of 1/H(t), which actually comes from Zi of the

physical model, was not appropriate for the wave energy conversion with this experimental setup. The

main problem is that the multiplication factor oscillates around 0.4 rad/(s·Nm) for the tested sea states

(see figure 4.9). If this factor is applied, the system still runs stable but the amplitude of θ̇ becomes too

large and the point absorber fully submerges in the water at the instants of minimum amplitude. With
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such a behaviour, the linear wave theory, which is assumed throughout this work, could no longer be

used. Instead, the alternative version of the SE control was used where 1/H was taken as a suboptimal

constant value. Experimental tests showed the best results when the value of 1/H was chosen around the

range of 0.2 rad/(s·Nm).

Since no other internal parameters of the SE controller were changed, the two main parameters that

characterise the setup of this controller are the value of Cgain in the velocity control loop and the value of

the constant 1/H.

As with the simulated experiments, a final test was done to ensure the overall stability of the con-

troller. With the presented configuration, it ran stable. Nevertheless, it was found that the SE control

was not so robust when it was used in the laboratory model as it was in the simulated environment. It

is reflected by the fact that the value of Cgain was considerably lower when compared to the value in the

simulations and that the alternative version (with a constant 1/H) was used.

Furthermore, it was observed that the excitation torque estimated by the linear observer when the

complete SE control ran online had an additional delay that was not present when the observer worked

offline with already measured time series (that is, the presented results form last section). The source of

this additional delay could not be located during the experimental phase of this work.

4.2.4 Configuration of the PI and the linear damper controllers

The standard controllers are much easier to set up than the SE controller since there is only one or two

parameters to adjust (depending on the controller type). In the context of this work, the main interest was

to obtain the maximal wave energy conversion, so the parameters had to be adjusted accordingly.

The most straightforward way to determine the optimal parameters is to take a reference sea state and

make a parameter scan to find the configuration where the energy conversion is maximised. This was

done in the simulation environment for both the PI controller and the linear damping controller. Since

the real system and the physical model have similar dynamics, the optimal parameters obtained in the

simulation should be near the optimal parameters of the real system.

Surprisingly, this was not the case and for reasons not clear at that time, a scan in the parameter space

of the real system revealed that the optimal parameters lay quite distant from the simulated optimum.

Because of this, a manual scan had to be done for each tested sea state in order to find the optimal

parameters.

It consists of 1 minute test runs in which the mean power output is measured for a particular set of

parameters. See next section for an explanation of how the mean power of the system was determined.

The spring coefficient Kc is varied in steps of 5 kg·m2/(s2·rad) and the damping coefficient Bc is varied

in steps of 0.5 kg·m2/(s·rad).

An example of this parameter study done for the PI control is shown in table 4.2. It presents the

absorbed power (in W) for different values of Kc and Bc when the control was used with sea state 1 (see

section 3.1).

An empirical study showed that the 1 minute tests were sufficiently accurate to estimate the power

output of the whole sea state, which were chosen to have a length of 5 minutes. This was probably

due to the fact that the wave generator software generated the time series with the fixed spectrum from

the beginning and there was no need for the sea state to ‘develop’. Once the optimal parameters were

identified, they were used in their respective control strategy during the actual experiments.
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Table 4.2: Pabs using the PI control with different parameters for sea state 1. The values of the power are in W.

Kc 25 30 35 45 50 60
Bc

-1 0.076 0.075 0.078 - - -
-1.5 0.077 0.082 0.079 - 0.049 -
-2 0.079 0.083 0.08 - - -
-2.5 0.072 0.078 0.073 0.063 - 0.035
-3.5 - 0.073 - 0.055 - 0.032
-4.5 - 0.068 - - - -

4.3 Experimental comparison of the control strategies

For the experimental comparison of the control strategies, a total of two sea states were chosen. The main

criterium for the choice is that the sea states have to be different enough while still being in the range

suitable for the point absorber design. Another important restrain is that the wave elevation has to remain

small enough so that the linear wave theory can still apply. Finally, the range of the wave frequencies

has to be within the working limits of the wave generator system.

The chosen sea states are the same that where used in the simulations. These are the ‘reference sea

states’. In order to measure the excitation torque, the same setup for the laboratory model, explained

in section 4.2.1, was used. Later on, the same wave elevation time series was repeated by the wave

generator to test the different control strategies.

The sea states are summarised in table 3.1 and their power spectra are displayed in figure 3.1. For

each sea state, the maximum possible absorbed power via reactive control is calculated using the method

explained in section 3.1. The results are also shown in table 3.1.

In the experiments, four different control strategies are implemented: linear damping control, PI

control, SE control and ideal SE control (ISE control). The last one is implemented in [22] and assumes

the full knowledge of τex. It therefore leaves out the uncertainties introduced by the linear observer and

should yield better results.

In order to apply the ISE control strategy, the τex-time series measured in the reference experiment

is directly passed to the controller. There, it is multiplied by the constant 1/H and then passed to the

velocity control loop. The trigger function of the wave generation system is used to determine the

appropriate instant in which the excitation torque time series is started in the control strategy. It is clear

that this strategy cannot be implemented on a real WEC, hence its name ISE.

The power output of the control strategy was obtained by applying equation (2.27) on the signals

of θ̇ and the measured τu. These are the signals that give the closest estimate of the mechanical power

acting on the generator. The mean absorbed power Pabs is simply the average of the instantaneous power

over the whole sea state time series. In the notation of this work, positive Pabs indicates that the power

went from the sea to the generator, which is the case of interest.

Results for sea state 1

Table 4.3 summarises the results for the different control strategies used in sea state 1. It includes the

values of the used parameters for each control strategy and the absorbed power. Even though four control

strategies were implemented, this table shows the results of five. The additional control strategy, SE2,
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Figure 4.10: Time signals for the SE control strategies in sea state 1. Top: detailed view of the measured τex for
the ISE control (dashed blue line) and τ̂ex for the SE1 (dash-dotted green line) and SE2 (solid red line) control
strategies. Middle: detailed view of θ̇ . Bottom: detailed view of the measured τu.

is the SE control with a variation of parameters. As expected, the linear damping controller delivers the

Table 4.3: Results for the control strategies used in sea state 1.

Control strategy Bc [ kg·m2

s·rad ] Kc [ kg·m2

s2·rad ] Cgain [ kg·m2

s·rad ] 1/H [ rad·s
kg·m2 ] Pabs [mW]

Lin. Damp. -4.5 - - - 46
PI -2 30 - - 83
SE1 - - -30 0.2 85
SE2 - - -10 0.2 94
ISE - - -30 0.2 110
Reactive - - - - 230

smallest absorbed power of the tested controllers. Not so clear is the fact that the PI and SE1 controller

(with the original configuration) produced about the same amount of power. The ISE controller was able

to absorb the highest amount of power. By lowering the proportionality factor of the underlying velocity

control loop, additional 9 mW could be absorbed using the SE2 control strategy. This behaviour can be

better understood if we analyse the time series of the last three control strategies.

Figure 4.10 shows a detailed view of the relevant signals for the power absorption: τex, θ̇ and the

measured τu. It can be seen that both the SE1 and SE2 strategies have a delay regarding the observed

excitation torque when compared to τex,ISE . A correlation analysis shows that for SE1, the delay is 80

ms and for SE2 it is 120 ms. This additional delay was not present when the linear observer ran parallel

to the control strategy and it was noted to come from the inclusion of the observer in the system control

loop. It is also clear that this delay becomes larger if the value of Cgain is decreased.

Paradoxically, the effect of decreasing the value of Cgain in the control loop brings an increase in
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Pabs. This can be explained when observing the other two signal plots. Even though τ̂ex,SE2 has a greater

delay than τ̂ex,SE1 when compared to τex,ISE , θ̇SE2 has only 46 ms delay while θ̇SE1 has 67 ms when both

are compared to θ̇ISE . This comes from the fact that the velocity control loop has a greater phase shift

in positive direction when Cgain is lowered, as seen in figure 3.9. This behaviour is also observed in the

generator torque, since τu,SE2 has only 36 ms delay while τu,SE1 has 57 ms delay, when compared to

τu,ISE .

Therefore, the explanation that the SE control does not deliver more power than the PI control lies in

the fact that the observed τex is not in phase with the measured one and therefore the system is not apply-

ing the optimal control torque to be in phase with the wave excitation torque. This theory is corroborated

by the fact that the ISE control, where the system velocity is in phase with the excitation torque, delivers

the most Pabs. Further corroboration comes from the higher power output achieved in the SE2 control

and the fact that the signals of θ̇ and τu are closer to the ones from the ISE control.

What has to be pointed out is that all strategies, except for the linear damping, absorbed considerably

less power when compared to the simulations. The PI controller only managed to absorb 36% of the

maximal available power. The best strategy, ISE, managed to absorb 48% of the maximum power. These

values are clearly below the ones obtained in the simulated results, which were 67% for the PI control

and 73% for the SE control. The reason for that could lie partly in the system’s friction and shall be

further addressed in the next section.

Results for sea state 2

The results for sea state 2 are summarised in table 4.4. Compared to the results from sea state 1, there are

some differences. The first one is that in this sea state, the linear damper controller managed to absorb

Table 4.4: Results for the control strategies used in sea state 2.

Control strategy Bc [ kg·m2

s·rad ] Kc [ kg·m2

s2·rad ] Cgain [ kg·m2

s·rad ] 1/H [ rad·s
kg·m2 ] Pabs [mW]

Lin. Damp. -4 - - - 91
PI -2.5 5 - - 91
SE1 - - -10 0.18 84
SE2* - - -10 0.2 104
ISE - - -30 0.2 132
Reactive - - - - 180

as much power as the PI controller. This probably comes from the fact that the sea state has a Tp close to

the resonance period of the point absorber, which is about 0.79 s [44]. This theory was corroborated by

the fact that the value of Kc, which is supposed to drive the system into resonance, is relatively close to

0 kg·m2/(s2·rad).

Another remark is that the SE1 control absorbs less power than the first two strategies. However,

a slight modification in the linear observer causes a significant increase in the power absorption. The

control strategy SE2 is almost identical to SE1 except for two differences. The first one is a slightly

different value of 1/H. Experimental tests showed that this parameter change produces only a minor

improvement in the power absorption. The change that has a major influence is a modification of the

control model of the point absorber used in the linear observer. In the SE2 control strategy, the hydrostatic

stiffness coefficient Kpa is changed from 87.04 kg·m2/(s2·rad) to 69.6 kg·m2/(s2·rad). This brings a
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Figure 4.11: Time signals for the SE control strategies in sea state 2. Top: detailed view of the measured τex for
the ISE control (dashed blue line) and τ̂ex for the SE1 (dash-dotted green line) and SE2 (solid red line) control
strategies. Middle: detailed view of θ̇ . Bottom: detailed view of the measured τu.

positive phase shift in the observed τex, as can be seen in figure 4.11.

The top graph of this figure shows the measured τex for the ISE (dashed blue line) control, as well

as the observed τex of the SE1 (dash-dotted green line) and the SE2 (solid red line) control strategies.

The decrease in Kpa decreases also the time delay of τ̂ex from 137 ms (SE1 control) to 75 ms (SE2

control) when compared to the ISE control. This decrease in the delay brings the time series of θ̇ and

the measured τu closer to the ideal values and increases therefore the absorbed power. This corroborates

the fact that the control model in the linear observer is of paramount importance for obtaining a reliable

signal sequence of τ̂ex. This point shall be further analysed in the next section.

Another difference, perhaps not as obvious as the previous one, is that the absorbed power from

all strategies in this sea state is closer to the theoretical maximum than in the case of sea state 1. The

PI control manages to absorb 51% of the maximum available power, SE2 control 58% and ISE 73%.

This is still clearly less than the simulated result of 73% for the PI control and 91% for the SE control.

Nevertheless, the difference of the values is smaller than in the case of sea state 1.

A possible explanation for this behaviour can be found if one regards the signal amplitudes of θ̇ in

figures 4.10 and 4.11. In the sea state 2, Hs is not only larger, but Tp is also closer to the resonance period

of the system. This leads to larger amplitudes and higher frequencies in θ̇ and an apparently smaller

influence of friction in the system’s movement: there is almost no lag in the zero crossings of the angular

velocity when compared to the same signal from sea state 1. This phenomenon was also observed while

doing the preliminary tests for the control strategies (see figures 4.6 and 4.7).
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4.4 Data analysis and discussion

As could be seen in the previous section, the experimental results differ somewhat from the simulated

ones. Table 4.5 summarises the absorbed powers for the simulated and laboratory experiments. In the

Table 4.5: Simulated and measured absorbed power for the studied sea states.

Control strategy sea state 1 sea state 2
Simulated

Reactive 230 mW 180 mW
SE 187 mW 166 mW
PI 153 mW 132 mW
Lin. damp. 43 mW 88 mW
Measured

ISE 110 mW 132 mW
SE 94 mW 104 mW
PI 83 mW 91 mW
Lin. damp 46 mW 91 mW

laboratory experiments, the SE control managed to absorb the largest amount of power from all the

viable control strategies. For both sea states, the SE control converted 13 to 14% more energy than the

PI control. The ISE is not included in the comparison since it assumes that τex is known and is therefore

not directly applicable. It should be regarded as an achievable upper limit of the SE control. Should the

latter be improved, then it could convert up to 29 - 45% more energy than the PI control, depending on

the sea state.

It is clear that the measured powers are considerably smaller than the simulated ones. The only

exception is the linear damping control strategy, which gives similar results in both cases.

Regarding robustness, the experimental results show that both the SE control and the PI control ran

stable during the performed tests. The parameters had to be adjusted to take into consideration the effect

of physical phenomena not included in the simulations. For the SE control, this included the adaption

of Cgain and 1/H. Even though a thorough robustness study was not carried out, empirical observations

showed that the stability of the SE control strongly depended on the linear observer. The performance of

the latter depended on an adequate signal model of the excitation torque.

The SE control includes feedback loops and it was found that they induce undesired delays in the

control signals. These delays may cause instability if amplification factors (such as both parameters

of this strategy) are too large. If the delays were to be reduced, it would be possible to increase the

parameter values and therefore the absorbed power.

Nevertheless, the chosen values of Cgain and 1/H lay well below their stability limit. Hence, the SE

control was stable when using the laboratory equipment, which resembles more closely the equipment

used in real WECs.

The discrepancies between the simulations and the laboratory experiments are attributed to three

main sources: The kinetic friction, the static friction and uncertainties in the control model.

A possible explanation of why the measured powers are smaller than the simulated ones is the friction

of the real system which induces energy losses. During the experiments, it was found that friction played



Chapter 4. Practical Implementation of the Control Strategies on a Laboratory Model 62

a large role in the system dynamics. In the control model of the WEC, it was not included so as to keep

the model simple. Additionally, in the preparation work before doing the laboratory tests in AAU, it was

assumed that friction would have a negligible effect. As the results in this chapter show, this is not the

case and the combination of the static and the kinetic friction has a non-linear behaviour with dependency

in both the amplitude and frequency of the oscillation. Due to time issues, it was not possible to include

and test a friction model in the control model of the WEC that reproduced the observed behaviour in a

satisfactory way.

But friction cannot be used to explain all discrepancies. Figure 4.12 shows a comparison between

the measured and simulated signals for the SE1 control in sea state 1 (see table 4.3). The top and middle
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Figure 4.12: Comparison of time signals for the SE1 control in sea state 1. Top: θ(t) from the experimental
measurements (dashed blue line) and from the simulated experiments (solid green line) . Middle: Measured and
simulated θ̇ . Bottom: Measured τex and τ̂ex from the linear observer.

plots in this figure show θ and θ̇ measured in the experiment and obtained from the simulations. It can

be appreciated that the physical model manages to reproduce the reality quite accurately.

Nevertheless, it can be seen that for both θ and θ̇ , the measured signals are somewhat delayed when

compared to the simulated ones. This might occur because of static friction processes. When the point

absorber reaches a moment of maximum amplitude and stops, the friction may cause it to stay in place

a few instants longer than when no friction is present. Because the measured signals have a delay, it is

clear that the observer, which uses the simulation model, estimates τex with a delay as well.

What cannot be explained with friction is the fact that the measured position and velocity have a

higher amplitude than the simulated ones. A normal friction process would induce the opposite effect.

So there has to be another effect which is causing this.

Figure 4.13 shows a test where no waves were generated, but the linear generator moved with a
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Figure 4.13: Comparison of time signals for a test with the linear generator. Top: θ(t) from the experimental
measurements (dashed blue line) and from the simulated experiments (solid green line) . Middle: Measured and
simulated θ̇ . Bottom: Measured τu (blue dashed line) and τ̂ex (green solid line) from the linear observer.

reference torque equal to a measured τex from another sea state. The signal for τex came from a sea state

which has a JONSWAP spectrum with Hs = 1.6 m, Tp = 1.37 s and γ = 3.3. It shows again a comparison

of the measured signals in the laboratory test with the signals in the simulated test. The top and middle

plots show θ and θ̇ in both cases. It can be seen that a similar effect occurs. The measured signals have

a larger amplitude and a slight delay when compared to the simulated ones.

What gives an insight of this phenomenon is the third plot figure 4.13. Here, the measured τu is

plotted, as well as the estimated τex from the observer. Ideally, since there were no incoming waves

in the experiment, τ̂ex should be 0 or very close to it. What can be seen here is that, in order for the

simulation and the real model movements to match, another force is needed. This extra force is not a

friction force since it is only slightly phase-shifted from τu and therefore has an additive effect.

This additional force can have its origins from a real physical force, which means that our measure-

ment system is not capturing all the forces acting on the system. Another hypothesis could be that this

additional force is due to the interaction between the linear generator and the point absorber. This could

in turn change the dynamics of the point absorber in a way that is not reflected in the simulation model.

As mentioned before, the linear generator acts in such a way as to make the measured torque in the

load cell equal to the reference torque. This can only occur with a finite speed. So, for example, when

the point absorber changes its velocity direction, the linear generator would continue moving trying to

maintain the reference torque. Only after a finite time, it notices that the point absorber has stopped and

then it reduces its applied torque, so that the reference torque is again reached.

This behaviour may cause a change in the dynamics of the laboratory model, as well as the torque
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peaks observed in figures 4.10, 4.11 and 4.13. They occur precisely when the angular velocity passes

the zero value. Here, the linear generator might continue its movement which causes that the load cell

measures this drastic increase in the torque.

The change in dynamics could be modelled in a first approach as a change in the inertia moment Jpa

or the spring constant Kpa of the WEC model. An example is shown in figure 4.14. It is the same system
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Figure 4.14: Changing Jpa in the linear observer. Top: θ(t) from the experimental measurements (dashed blue
line) and from the simulated experiments using the unaltered WEC model (solid green line) and the simulation
changing the values of Jpa (dash-dotted red line). Bottom: Measured τex (blue dashed line) and the estimated τex
from the original observer (green solid line) and the altered one (dash-dotted red line).

as in figure 4.12, that is, the SE1 control in the sea state 1.

The top plot shows the signals for θ . The blue dashed line and the green solid line represent again

the measured and simulated signals, respectively. The red dash dotted line is also a simulated system,

but with another inertia moment. To account for the additional dynamics induced by the linear generator,

the inertia moment Jpa was changed from 1.356 kg·m2 to 1.017 kg·m2. It can be seen that the simulated

angular deviation resembles much more the measured one. The implication on the observing process is

shown in the bottom plot of figure 4.14. If Jpa is also changed in the linear observer, the estimated τex

follows more closely the measured τex. The delay with the original setup is 80 ms and with the modified

observer, it is reduced to 34 ms.

Another example of this can be seen in the fact that changing Kpa from the SE2 control strategy in

sea state 2 produces a better result.

The aim of this discussion is to show that a good WEC model is fundamental for the SE control and

does not pretend to find all the reasons for the differences. As already mentioned, these differences have

their origin in a combination of multiple causes and cannot be attributed to a single source. The linear

control model presented in [44] manages to reproduce the dynamics of the laboratory quite accurately. It

is more a drawback of the SE control that it requires such high level of precision to work in an optimal
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way.

If the discrepancies between the simulations and the laboratory experiments are to be reduced, a

system identification in the laboratory is required and perhaps even a (non-linear) re-modelling of the

point absorber. It is therefore beyond the scope of this work. Nevertheless, this study showed that there

is quite some room for improvement for the SE control. Should such an analysis be done in the future,

the already good results from these experiments could probably improve.



Chapter 5

Critical Evaluation of the Control
Strategies

This chapter evaluates the results from this work in the broader context of wave energy conversion and

discusses some of their implications. It also gives a critical comparison of the analysed control strategies

regarding other aspects of their implementation.

5.1 Implications of the main results

One of the main goals of this work was to analyse the practical implementation of some of the existing

control strategies for the point absorber WEC. From the considered control strategies, the SE control

was chosen since it was relatively simple and no signal prediction was required. At the same time, it

promised very good results regarding maximum energy conversion. As a comparison, the PI control, the

current state of the art controller from the WaveStar WEC, was chosen to evaluate the performance of

the SE control.

Early in this thesis, it was remarked that the SE control, as proposed in [22], could not be imple-

mented in practice since it assumed that τex was known. In order to use it on a real WEC, an observer

had to be added to obtain an estimation of τex. In this paper, the inclusion of the observer was already sug-

gested, but not carried out. It was said that “a practical implementation would only require an estimation

of the excitation force, which is not a measurable quantity. An observer can be built from measurements

of the motion (velocity, acceleration) of the system.”

The linear observer proved to be the critical part of the control strategy. The non-linear estimator,

which used the EKF to estimate the instantaneous frequency of τex, could be replaced by a constant

factor with only a slight reduction of the absorbed power. The factor is dependent on the Tp of the

current sea state and the estimator might be used to determine it, but this can also be done with other,

more conventional sensors. This alternative version of the SE control strategy had the advantage of being

more simple and stable than the version proposed originally.

Many of the other control strategies tuned for maximum energy extraction, such as the model pre-

dictive control, rely on future knowledge of τex. As already mentioned, this quantity has to be estimated,

so the performance of these other control strategies also relies heavily on a good observer for τex. This

makes the results from the studies done herein relevant for other control strategies as well.
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The PI and the SE control strategies were evaluated in simulated experiments. In the ideal case, the

SE control clearly surpassed the PI control when power absorption was considered. It managed to convert

between 20 and 25% more energy than the PI control. When model uncertainties where introduced, this

advantage was lost. With moderate values for several uncertainties, the SE control already converted less

energy than the PI control.

This feature was not reflected in [22], where it was shown that the ideal SE control is quite robust with

respect to model uncertainties. The reason for this change in behaviour comes from the linear observer,

which was not included in the robustness study done in that paper. The linear observer turned out to be

very susceptible towards uncertainties. This is a very important and up to now unknown property of the

SE control if it is to be implemented in real WECs.

The PI control, on the other hand, managed to absorb roughly the same amount of power regardless

of the model uncertainties.

Many studies of control strategies remain only on a simulated environment. This approach is cer-

tainly important as a preliminary study since it reflects the behaviour and interactions of the main quanti-

ties up to a certain extent. But these simulations rely on models and therefore do not fully capture all the

aspects that play a role on the WEC. It is therefore necessary, as a further step in the development of the

control strategies, to test the control strategies on a real-life WEC. This step was taken in this work in the

form of the practical implementation of the control strategies on a laboratory model of a point absorber

WEC.

As with all real devices, there are differences between the actual device and the model used in the

control strategy. Additionally, the measured signals contained a certain amount of noise, either coming

directly from the sensor or numerically introduced as part of a calculation. An example for this is the

angular velocity θ̇ from the laboratory experiments, which was obtained by numerically differentiating

the measured angular position θ . Lastly, the measured signals had a certain amount of delay, either

because they were low-pass filtered to reduce their noise or due to internal calculations of the controlling

computer.

A combination of all three factors resulted in a suboptimal performance of the SE control. Never-

theless, it ran stable and still managed to absorb 13 to 14% more power than the PI control. This is one

of the main results from this work. It represents the actual performance of the control strategy under a

much more realistic environment than in the simulations and, as such, is more relevant when considering

the commercial use of the WEC.

We managed to test the SE control in both environments and observed that the SE control effectively

absorbs more power than the PI control. These preliminary results have to be further corroborated, but if

they held to be true, they could have an important impact on the viability of the point absorber WECs as

commercial wave energy converters. Only a change in the control strategy would already bring more than

10% of converted energy. Other aspects of the control strategies also have to be taken into consideration,

as will be explained in the next section.

As it was shown later on in this work, one of the main hindrances for the SE control to deliver more

power was that τ̂ex had a delay when compared to the measured τex. A possible cause for that was shown

to be the model uncertainties, which can be reduced if a better model of the real system is available.

But even with such a relatively simple model, an improvement of the SE control could be achieved
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if the device was to be scaled up. Since the device used in these experiments was relatively small, waves

with small elevations and with relative high frequencies had to be used. Due to the scale, the applied

torques were also relatively small and the influence of friction was not negligible, as was assumed in

the model. If the system were scaled up, the movement and torques would increase. Friction torques

would also increase, but probably in a smaller degree than τex and τu. This would automatically make a

frictionless model more accurate.

5.2 Other aspects in the implementation of the control strategies

The experimental results showed that the SE control managed to absorb more power than the PI control

and has the potential to perform better on large scale WECs. But this does not imply that it is already

a better control strategy. There are other characteristics that have to be considered in the design of the

control strategy in order to make the WEC work optimally.

Two points considered here are the peak-to-mean power ratio and the control torque applied by the

generator. Both have an important role in the design of the WEC components, as will be discussed later

on. Since the PI control is already the control strategy used in the WaveStar prototype, it will be used as

a reference strategy for the evaluation of the SE control.

One important aspect of the control strategy is the power flow induced by it. As with the reactive

control strategy, both the SE and the PI control have a bidirectional power flow. It is the mean value of

the signal that is positive and therefore leads to an effective power absorption. The instantaneous values

are both positive and negative, which means that in some periods of time there will be power flow from

the grid to the ocean. This aspect has to be taken into account if such WECs are to be installed on a large

scale.

Another very important factor that has to be taken into account is the so-called peak-to-mean power

ratio of the WEC. It is defined as the ratio between the peak value of the power signal and its mean

value. It plays a fundamental role in the component design of the WEC. As an example, the electrical

components of the system have to be able to withstand the peak power flow of the ocean-device in-

teraction. If this peak is very large compared to the mean power absorption, the WEC would require

components designed for much larger powers than its rated power absorbtion. This would have the direct

consequence of increasing the components’ costs. It could also have an impact on the efficiency of the

electrical system, since it would operate most of the time with partial load. This would again be reflected

in an additional increase in the specific energy cost. It is therefore desirable to have a relative small

peak-to-mean power ratio in the control strategy.

Figure 5.1 shows a selection of the power signal of both the SE2 and the PI control for sea state 1. It

can be appreciated that for both strategies the absorbed power behaves similarly. There are instants where

it is positive and instants where it becomes negative. But as this example shows, the values of minimum

power flow (corresponding to power flowing to the ocean) are smaller than the values of maximum power

flow.

The amplitudes of both signals vary between -1 W to about 2 W in this time sample, which includes

the instant of maximum power flow of both strategies for this sea state. If table 4.5 is recalled, the

mean absorbed power of both strategies is found to be around 0.1 W. This gives an idea of the order of

magnitude of this ratio.
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Figure 5.1: Selection of the absorbed power for the PI (dashed blue line) and SE2 (solid green line) control
strategies in sea state 1.

Table 5.1 summarises the peak-to-mean ratios of the two strategies for both sea states. It can be

Table 5.1: Peak-to-mean power flow, maximal τu and variance for the optimal PI and SE controls.

PI control SE control
Sea state 1

Pabs 83 mW 94 mW
Peak-to-mean power 30.9 24.9
max. |τu| 4.2 N·m 4.98 N·m
var(τu) 1.36 (N·m)2 1.7 (N·m)2

Sea state 2

Pabs 91 mW 104 mW
Peak-to-mean power 21.5 21.3
max. |τu| 2.04 N·m 2.63 N·m
var(τu) 0.23 (N·m)2 0.5 (N·m)2

seen that for both control strategies, they range between 20 and 30. In these experiments, the SE control

managed to absorb power with a slightly better ratio than the PI control. These values could still be

reduced by modifying the control strategies to include power limiting. In the case of the SE control, the

power limiting could be achieved by using a similar feature as the one used of constraining the angular

displacement (shown in section 2.4).

Another important parameter considered here is the control torque τu that has to applied by the PTO

device. This quantity gives an idea of the forces and torques the WEC has to endure during its normal
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Figure 5.2: Reference τu for the PI (dashed blue line) and SE2 (solid green line) control strategies in sea state 1.

operation cycle. Ultimately, this has an effect on the dimensioning of the device. Large values for τu

mean that the mechanical system has to withstand larger mechanical loads in some of its parts, such as

the lever arms. Large values for τu also imply large generator moments, and therefore an appropriate

dimensioning of the electrical systems. This also has an effect on the lifetime of some system parts and

on the operational costs of the WEC.

Two statistical values of the torque are considered here. The first one is the maximal occurring τu. It

gives a design limit for the mechanical load the system has to endure during its operation cycle. Both the

electrical and mechanical components of the WEC should be dimensioned so that these loads can occur

without deteriorating the system.

The second value is the variance of τu. It gives a measure of the activity of the system. The larger

this value is, the larger the mean load on the actuator will be. It is therefore desirable to keep the variance

relatively small because some design parameters of the actuator, such as the thermal rating, are influenced

by this quantity.

Figure 5.2 shows the reference τu for both the SE2 and the PI control for the same selection of sea

state 1 shown in figure 5.1. By reference τu, it is meant the control torque that is given out by the control

strategy. It can be seen that they are very similar in their temporal behaviour, but the reference torque

from the SE2 control has more fluctuations and larger extreme values that the one from the PI control.

This is seen also in table 5.1, where the maximum absolute values of τu and its variances are summarised

for both sea states. For each sea state, the maximum |τu| is in the same range for both control strategies,

but somewhat larger for the SE2 control. The variance of τu is also larger for the SE2 control, as can be

corroborated visually in figure 5.2.

Both sections in this chapter show that the SE control, as it was implemented in these experiments,
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managed to convert more wave energy while maintaining other important control parameters in the same

order of magnitude than the PI control. In the case of the peak-to-mean ratio, the SE control had slightly

better results than the PI control because it managed to have a smaller value in both sea states. In the

case of the control torque, the results inverse. Here, the PI managed to have a lower maximal amplitude

and a lower variance of τu.

Still, these results strongly suggest to consider the SE control strategy as a viable alternative to the

current state of the art PI control strategy.



Conclusions

This work studies the theoretical aspects and the practical implementation of several control strategies

for point absorber WECs. These control strategies aim at maximising the energy conversion since it is a

very important aspect in this field. In the following, the main results of this project are summarised.

The first chapter gives an overview of the wave energy as a renewable resource and shows that it has

the potential of contributing significantly to the global energy supply. Furthermore, it presents some of

the current technologies and prototypes of wave energy converters.

In the second chapter, the theoretical background for wave energy conversion is discussed, that is, the

linear wave theory. The ideal control strategy for one dimensional point absorber WECs, known as the

reactive or complex conjugate control, is presented. The impossibility of its practical implementation is

shown and other possible and existing control strategies for this kind of WEC are considered. The most

important results in this chapter are:

• Most of the considered control strategies that aim at maximising the energy extraction require

some sort of signal prediction. From a practical point of view, this requirement makes these strate-

gies questionable since it introduces additional uncertainties and might lead to instabilities in the

control strategy.

• Among the considered control strategies, the SE control promised to achieve energy conversion

levels close to the ones obtained by the reactive control strategy. It also had the advantage of

requiring only a model of the WEC and no signal prediction. It was therefore chosen to be tested

along the PI (or spring-damper) control since it is the existing state of the art control strategy in

the WaveStar WEC prototype.

• The SE control, as originally presented in the literature, is not adequate for practical implemen-

tation. It assumes full knowledge of the excitation torque, which cannot be measured directly if

the WEC is in operation. Because of this, the strategy was adapted so that it could estimate the

excitation torque with a linear observer. The observer uses the measured signals of the angular

position, velocity and acceleration as well as the control torque as input signals. Using a control

model of the WEC and the signal, the observer gives an estimate of the excitation torque.

In the third chapter, the SE and the PI controls are tested in simulated experiments to evaluate their

performance in wave energy conversion. Their configuration for the chosen sea states is explained as

well as the conducted experiments. The main results of this chapter are:

• With ideal conditions, the SE control managed to convert between 20 and 25% more energy than

the PI control. When compared to the reactive control, the SE control converted between 81 and

92% of the maximal available energy.
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• Further studies showed that the linear observer was the critical part of the SE control. The non-

linear estimator could be replaced by an appropriately chosen constant factor without a significant

reduction in the control’s performance.

• In order to simulate real working conditions, model and signal uncertainties were introduced in the

simulation. A robustness study showed that the SE control was quite susceptible to uncertainties.

With moderate values of signal noise, signal delay and model uncertainty, the SE control already

converted less energy than the PI control. The latter proved to be quite robust towards these

uncertainties. This behaviour was previously unknown for the SE control strategy, for it was

considered quite robust in [22].

These simulated experiments were mirrored with laboratory experiments in a wave tank in Aalborg

University (AAU). Chapter four describes the experimental setup in the AAU laboratory, the configura-

tion of the SE and the PI control, and the experiments that were carried out. The most important results

in this chapter are:

• As with the simulated experiments, the linear observer proved to be the critical part of the SE

control in the laboratory experiments. During the configuration of the controller, it was found that

the linear observer was susceptible to uncertainties. An acceptable estimation of the excitation

torque could only be achieved if a signal model that reflected the behaviour of the torque was

used.

• In the laboratory experiments, the SE control absorbed 13 - 14% more power than the PI control.

When compared to the maximal possible absorbed power, the SE control managed to absorb only

40 - 58% of the theoretical maximum. The difference to the simulation was attributed partly to

friction losses, which were relatively high in the setup in which the experiments took place.

• Both controllers ran stable in spite of the existing uncertainties of physical modelling and signal

delay/noise. The parameter values used in the SE control lay well below their stability limit.

• If the excitation torque was fully known, the SE control managed to absorb between 29 and 45%

more power than the PI control. Compared to the reactive control, between 47 and 72% of the

maximal available power could be absorbed (depending on the sea state). These values come

from the ISE control strategy, which cannot be implemented in practice. They should therefore be

regarded as an upper limit for the SE control.

• The performance difference between the realisable SE control and the ideal one was found to lie in

the signal delay between the measured and the estimated excitation torque. A possible explanation

for this delay was found to be the WEC model used in the control strategy, as it did not reproduce

the movement of the real WEC accurately enough.

In the fifth chapter, some implications of the main results are considered for the field of commercial

large scale WECs. Other important aspects for the control strategy are considered as well and it is

found that the SE control manages to keep the peak-to-mean power ratio and the control torque in the

same region as the already used PI control. It does this while converting more energy. This makes the

SE control an interesting alternative to the PI control and further research in this field seem not only

adequate, but quite promising.
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Future work

During the realisation of this thesis there remained some open questions and because of this, there is

room for future work.

In this project, only control strategies were considered that did not require signal prediction. Other

strategies, such as model predictive control, are quite promising when it comes to maximum energy

extraction and constraints-handling. It would be interesting to include some of these control strategies in

future studies and adapt them for practical implementation.

As the simulations and experiments showed, a critical part of the SE control strategy is the linear

observer. It was found that in the laboratory experiments, the observed signal for the excitation torque

did only match the measured one up to a certain extent. This could probably be improved if other signal

models in the observer are used. For example, the oscillator-type observer could have more individual

oscillators that could even be distributed in a non-uniform way. Another possibility is to utilise a non

linear signal model such as the one used in the estimator. If the latter one is used, further studies regarding

the stability of the observer should also be made.

Another important part of the observer is the physical model of the WEC. As was pointed out in

chapter four, it is likely that the laboratory model used in the experiments does not match the WEC

model used in the control strategy. In order to have a reliable observer, a model identification of the

laboratory model should be made and the resulting model should be used in the observer.

Friction is also another aspect of the laboratory model that should be considered in the control model.

In this work it was not included and it proved to be too large to be negligible. A proper friction model

should be included in the observer to account for the power losses and some of the occurring delay.

The results obtained in this work are quite promising, but still need a statistical verification. In order

to achieve that, more experiments should be carried out and a mean value of the absorbed power should

be obtained. Also, more sea states with different significant wave heights and peak spectral periods

should be considered in the experiments to study the overall performance of the SE control.

The control strategies used here are tuned towards maximal energy conversion, but in a realistic ap-

plication other criteria such as component dimensioning and load forces are very important. It would be

interesting to include some of the other relevant criteria in the control strategies for an overall compari-

son.
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Appendix A

Obtaining the measured signals

In this appendix, a brief explanation of the calibrating process for the different sensors used in the labora-

tory experiments is given. Also, the appropriate functions to convert from a linear to an angular quantity

are presented.

All sensors used in the setup give a volt signal, which is assumed to have a linear proportionality to

the physical quantity measured. If xphys represents a physical quantity that the sensor measures, then the

calibration is done via the equation

xphys = m · xvolt +b. (A.1)

Here, xvolt represent the volt signal of the quantity, m and b are the calibration slope and offset, respec-

tively.

Basically, all calibration procedures are analogous. For a series of known values of xphys, the cor-

responding values of xvolt are measured. After that, a linear relation in the form of (A.1) is assumed

between xphys and xvolt , and the values of m and b are obtained via the method of least squares. In the

following, the calibration procedure for each of the sensors is explained.

• Wave gauges. In order to calibrate the wave gauges, a first measurement of the voltage-signal is

done with calm water. Then, by activating the hydraulic pistons (they are located above the wave

gauges, as shown in figure 4.2), the wave gauges elevate a known distance. In this case, it is 10 cm.

In the elevated position, another measurement of the voltage-signal is done. For this calibration,

only these two measurements are used. The voltage-signal of the wave gauges was not constant

during the whole experimental period due to electrical noise in the installations. Because of this,

the wave gauges had to be calibrated every day.

• Position laser. The linear position is measured by a laser beam, which reflects at a metal surface

that is perpendicular to the generator arm. To calibrate the position measurement system, the floater

is moved to a constant position. Then, the distance between the laser source and the reflecting

surface is measured using a ruler. The volt signal is also captured. By repeating this for several

positions, linear regression can be used to relate the volt signal to the physical displacement.

The relevant quantity is not the linear displacement, but the angular one. In order to transform the

linear displacement into the angular one of the floater, a transforming function that takes the geom-

etry of the point absorber into account is applied. The trigonometric function can be understood if

figure A.1 is considered. From the measurement of the physical position of the laser xlaser, the side
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Figure A.1: Relevant geometry for determining the angular position θ .

a of an imaginary triangle can be determined. Since the other two sides (b and c) do not change

(or change in a negligible way) when the point absorber moves, the angle θ can be determined via

the law of cosines

(θ −θ0) = arccos
(
(x0− xlaser)

2−b2− c2

−2bc

)
. (A.2)

Here, θ0 and x0 represent the angle and the physical displacement of the equilibrium position. Due

to the similarity of the triangles, θ also gives the angular displacement of the floater.

Because of slight errors in the measurements, uncertainties in the determination of the equilibrium

position and offsets in the volt signal of the linear position, the signal for θ was high passed in

order to eliminate constant values.

• Accelerometer. The accelerometer used in these experiments measures the linear acceleration in

all directions, but only the vertical component is of interest in this work. This sensor also measures

the constant acceleration due to gravity. In order to convert the volt signal to the physical angular

acceleration, several positions of the floater are set and the volt signals for the constant acceleration

are recorded. The value is equivalent to the physical acceleration of gravity times the cosine of the

angle of the floater. So a modified version of eq. (A.1) is used to obtain the angular acceleration

θ̈ = K · (m ·avolt −g · cos(θ −θ
′
0)+b). (A.3)

Here, K represents the moment arm and g the acceleration due to gravity. Since the signal of θ is

high passed, there is no absolute value of the angle to compare g to. So the fit is done on m, b and

θ ′0. For the same reasons as for θ , the signal of θ̈ is high passed.

• Load cell. The control force of the system is measured by a load cell. To calibrate it, several

known weights are hung to the load cell in a vertical way and the volt signal is recorded. Later on,

a linear regression is done to relate the volt signal to the physical forces.

In this work, the control torque was used. The conversion from linear force to torque was done

simply by multiplying the force with the moment arm.
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